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Background Truncated Schur-Stable Projection

Recent developments in State-Space (SS) SysID theory have sparked renewed interest within the
ML community. The SS framework models the sampled output y|k| € R"™ k € Ny of a real

Algorithm 1: Quasi-triangular Schur factor projection.
Input: Schur factor T' € R"*" (quasi-triangular)

Linear Time-Invariant (LTT) system with exogenous input u|k| € R™ as a recurrence of the form Output: Stable Schur factor T € R"*"
<’w;k +1] = Axlk]+ Bulk] ~ AeR"™ BeR"™ o begin A
ylkl  =Calk|+ Dult] ~ CeERv"™ DeRW™ Initialize i - 1,7 ¢ T
) fori «+ 1z kdo // k from Theorem 4

* Albeit linear, the versatility and expressiveness of SS subsystems makes them ideal building blocks

it T} ; € R™! then

for modern sequence-modelling architectures [1], [2], [3]. T T,/
§y5 S vy mad{l,| T} s

* However, large architectures introduce overhead prohibitive for time-sensitive applications [4]. else 7/ 2 %2 block
* As a result, backpropagation-ready stable matrix parameterizations [5] and weight regularization Initialize X <= Ogx2, dyyy,, = 00;
techniques [6] targeting smaller-scale nonlinear systems (e.g., those of Figure 1) have emerged. foreach X/ c S(Tz ) do
d* < | Tii — X'||7;
am T L n am T L n if > > d°,. then continue;
Gy - @) s flu) ™ Gy " g I

if |\;| > 1or|)\y| > 1 then continue;

Fig. 1: Single-branch structures considered in Schoukens and Tiels [7]: Wiener-Hammerstein (WH, left) and Hammerstein-Wiener (HW, d?nin Y dz; X «— X'
right) models. Dynamic LTT and static nonlinear blocks are outlined in blue and red, respectively. fi"z i — X
)

* Search space restricted to stable matrices sharing the same orthogonal factor:

1. An innovative Schur-stable state-matrix weight-projection scheme; 1. The Schur decomposition A = ZT ZT is calculated;
Contributions 2. An alternative stable state-matrix parameterization; 2. The projection scheme in Algorithm 1 is applied to the quasi-triangular factor T
3. A comprehensive benchmark of the proposed methodologies. 3. The stable state-transition matrix is reconstructed as A = ZT' Z.

* Alternatively, A can be parameterized directly through its Schur factors, exchanging the decom-
position overhead for having to train twice the number of coefficients (orthogonal factor con-

+ System Identification Methods leveraging Backpropagation (SIMBa), strained via the Singular-Value Decomposition (SVD) method from Golub and Van Loan [10]).

Baselines from Di Natale et al. [5].
* Piecewise spectral-norm regularization, from Bemporad [6].

Numerical Results

Dataset Metric Schur (proj.) Schur (built) SIMBa Regularized

Nearest ()-Stable Matrix Identification

Test NMSE  (1.52 £7.86)e—2  (1.51 £7.87)e—2 (1.50 & 7.97)e—2 (1.53 + 7.49)e—2

Silverbox Epoch Time  (1.59 4 0.02)e—1 (1.424+0.01)e—1  (1.39 = 0.06)e—1 (1.43+0.03)e—1
Definition 1 (Schur Stability) 4 system is deemed Schur-stable iff | N;| < 1 VYA € Aa, where

Epoch Count 8.36e3 6.89¢3 1.40e4 1.05e4
A € C" denotes the spectrum of A.

Test NMSE  (3.30 £ 7.40)e—2 (3.70£8.79)e—2  (4.124+9.92)e—2  (4.08 + 8.49)e—2

Definition 2 (Nearest 2-stable matrix [8]) Lez ) be a non-empty closed subset of C, and let E Epoch Time (6.14 & 0.27)e—3  (6.80 4 0.16)e—3  (6.29% 0.15)e—3 (656 £ 0.10)e—3
A
S(€2,n,F) = {X c F"": Ax C Q} C F*" (2) Epoch Count 1.14e4 7.83€3 2.65¢4 1.75e4
be the set of n X n matrices (with F € {R, C}) whose eigenvalues all belong to ). TestNMSE - (3.21£3.24)e=3  (3.07 £ 4.51)e—3 (486 +£5.78)e—3 (250 £5.18)el
Given A € ™", the nearest Q-stable matrix A is defined as EMPS Fpoch Time  (7.49 +0.42)e—3  (7.46 +0.42)e—3  (6.51 £0.10)e—3 (6.32 = 0.09)e—3
A . 2 Epoch C 3.16e4 1.33e4 1.31e4 4.78¢4
A é argmm HA_XHF, (3) poc ount € € € €
XeS(QnF) Test NMSE  (6.63 +12.3)e—1  (5.76 & 10.9)e—1 (7.25+17.5)e—1  (7.40 & 17.5)e—1
A . ' I g 5 — : : — . . — : : —
where | X||% 2 Z?FI X,i% = tr (X *X) denotes the Frobenins norm. Industrial Robot ~ Epoch Time (1.78 & 0.01)e—1 (1.834+0.01)e—1  (1.824+0.04)e—1  (1.86 & 0.02)e—1
| Epoch Count 1.25e4 1.20e4 2.13e4 2.95¢4

Corollary 3 For the Schur Stability case, ) = (g = {AeC: A <1} Test NMSE ~ (4.76 £9.31)e—2  (3.96 £ 7.76)e—2  (3.62 & 6.68)e—2  (3.99 + 7.82)e—2

Theorim 4 (Schur Decomposition [9]) Given X € R"™", there exists a pair of matrices Z € Fine-Steering Mirror Epoch Time — (3.034 0.04)e—1  (3.024 0.04)e—1  (2.43 & 0.02)e—1  (3.03 4 0.25)e—1
On) = {W € R : WTW = WWT = I,} real orthogonal and T € R™" upper quasi-

Epoch Count 2.91e4 2.33e4 2.68e4 4.54e4
triangular defining the Schur decomposition; i.e., a pair such that

Table 1: Numerical results for the real-data benchmarks (HW models). Error uncertainty is defined as the standard
Ti1 - Tk deviation of the normalized squared difterences. Median epoch time in seconds (uncertainty defined as half of the
71X 7 =T — 1 ou. g 7 (4) Inter-Quantile Range (IQR)). Epoch count reported for the best-performing model. Row-wise best is highlighted.

where T} ; € R™L U R?*? and [gw < k<n.

* The non-convexity of {2g makes the problem in Definition 2 notoriously hard to solve.

Conclusions

* Noferini and Poloni [8] provided a solution with such a guarantee by proposing a bilevel opti- * This work provides a robust framework for stable SS stability using a direct projection method

mization over the real Schur decomposition of A (see Theorem 4) . , , , ,
over the state-transition matrix and an alternative pre-factorized formulation.

1. The block-diagonal elements of I" are projected to the nearest element in a set S (T} ;) C R**
of 15 elements at most;

2. The orthogonal factor Z is optimized over SO(2) = {X € O(2) : det(X) = 1}.

but also computationally efficient for stacked-architecture SysID.
* This method provides rigorous asymptotic-stability guarantees, but requires solving a computa- * Future research will focus on generalizing the projection algorithm to arbitrary upper bounds on
tionally expensive, numerically sensitive surrogate optimization problem. eigenvalue magnitudes, achieving feature parity with SIMBa.

* Both formulations consistently match the SotA in terms of accuracy, epoch time, and conver-
ence rate, suggesting that the proposed Schur-based stabilization is not only theoretically sound
g 28 g prop y y
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