Asymmetric Factorization for

Low-Rank PSD Learning

When Is the Relaxation Exact?

Enliang Hu  Juho Kannala Guoying Zhao
Quanming Yao Kun Yue

NeurlPS 2026



Problem
.

Compact factors, coupled optimization

PSD-constrained optimization

H nXn
minfi2),  ZeR™".

Symmetric factorization (sBMF)

Z=XX", XeR"™" r<n,
n}ln AXX") + h(X).

Storage: O(n?) to O(nr).
The repeated factor X couples the variables: the factor problem is

generally nonconvex even when fis convex.
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Prior work
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Existing approach: split the factors

Asymmetric factorization (aBMF)
F(X, ¥i7) = AXYT) + Lh(X) + Lh(Y)
+3IX=Ylr, v >0

For convex f, h, each factor subproblem is strongly convex.

Small 7: the product may not be PSD.
Large v: slower updates.

The exactness question
When does a finite penalty force factor agreement at critical points? J
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Prior work
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What do existing guarantees cover?

Work Setting Guarantee
Zhu et al. (2018) Quadratic sSNMF; Fixed-penalty exactness
Li et al. (2023) nonnegative factors bounds
Hu & Kwok (2019)  Smooth convex PSD  Update-dependent
loss; h=20 factor-agreement condition
Han et al. (2024) Smooth SDP; linear ~ Approximate KKT transfer
equalities

The gap addressed here
Solver-independent exactness for general transpose-symmetric convex
losses with shared convex regularizers or constraints.
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Contributions
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Three contributions

1. When are the factors equal?

A spectral sufficient condition at joint critical points.

2. How can we choose the penalty?

Sublevel-set analysis gives sufficient bounds from initialization.

3. Does every positive penalty work?

A counterexample resolves the general conjecture negatively. Structured

sNMF cases still admit guarantees.
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Contributions
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A spectral condition for exactness

Convex, transpose-symmetric f, shared convex h (o, > 0).
Let (X, Y) be a joint critical point, with a common G € IXY").

Theorem 1

4 4

GG
Y > )\max <+> h

implies X = Y, hence an sBMF critical point.

Exactness beyond quadratic sNMF
General convex losses, shared convex regularizers or constraints.
Independent of the solver.
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Contributions
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Corollary 1: an initialization bound

Let Zp = YOY(—)F, Xo = Yy € dom h.

Full-objective bound: strongly convex, smooth loss
Assume o> 0, h > h > —oo, VA Z,) = 0. At a joint critical point
(X, Y) with F(X, Y:v) < F(Yo, Yo:7),

Oh

v> 2 + %) — = A2 -

implies X = Y under the theorem's symmetry assumptions.

sNMF: a simple sufficient choice

For 2) = 3112~ A||2F h=4, and Yy >0,

> 1A,
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Contributions
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A positive penalty alone is insufficient

The sNMF positive-penalty conjecture fails in general.
Zhu et al. (2018); Li et al. (2023).

An unequal-factor critical point

Both factors are strictly positive. Exact AM starting from Xo = Yg = Y
reaches (X, Y) in one sweep and stays there.

A is entrywise nonnegative but indefinite; r=n= 2.
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Contributions
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Corollary 2: structured sNMF cases

For {2)=1Z- A2, h=6,, A= AT, v > 0, any joint critical point
(X,Y) satisfies
%= %1

Two additional structures ensure X = Y

Rank one and nonnegative data
If r=1 and A > 0 entrywise, every v > 0 suffices.

Orthogonal columns
If X and Y each have pairwise orthogonal columns and

Y 2 _Amin(A)a

then X =Y.
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Contributions
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Dynamic penalty update

For D, = X, — Y ?é 0, use G, € af(XkYZ)

Two candidates, with 0 < v <1 and g5 > 0

. tr(D] GxD oh
Yk = l“l(;) _ Z + €0,
20 || DAll} s
=316 = %] . 16 = 1|6kl

‘Vk::'ﬂax{nﬁn{ﬁ%f1,7k}aﬁk}'
Retain y4_1 when Dy = 0. Otherwise the rule may increase or decrease the

penalty.
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Contributions
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Algorithm: alternating convex optimization

Initialize Xog = Yy € dom h and ~y > 0.
For k=1,... . K
1. Xk~ argmin F(X, Ye—1; k1),
X
2. Yi~argmin F(Xk, Y; vk-1)-
Y

3. Keep v fixed or apply the dynamic update.

4. Stop when the prescribed tolerance is reached.

Return U= %(Xk + Yi), Zpsp = UUT.
AM: exact blocks; HAM: column updates; AAPG: accelerated

proximal-gradient steps.
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Contributions
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Theorem 2: convergence with fixed ~

Assume fis convex, continuously differentiable and coercive; h is proper,
closed and convex; Xy = Yy € dom h.

Any fixed v > 0, with exact AM
The iterates are bounded, and
[ Xk = Xe—1ll g + [ Yk = Yi-1llp — O.

Every accumulation point (X, Y) is critical for aBMF.

A sufficient fixed penalty also gives exactness
Under Corollary 1's smooth, strongly convex setting and its sufficient
bound, every accumulation point satisfies X = Y and yields an sBMF

critical point.
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Applications
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Scalar example 1: penalty and stability

min, X > F(xyy) =xy+ 3(x—y)%.

Updated penalty Solution error
7
= / L N
e ’ P
g / v
+ 0 z J— 1!
g 10 = N i
f | /I,
g \\ § /I
= " - - - =AMy = - = = =AMy
= ) —— AM,p o ———— AM,qp
g \ - == AMye 10 - =AMy
& ol AMour AMgur
10°
100 102 10° 102 108 104

number of iterations number of iterations

AM,,; approaches zero with v, ~ 1.6677.
Fixed-y AM converges iff v > 1/2 for yy # 0.
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Applications
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Scalar example 2: agreement and accuracy

Flyr) =300 +1)2+3(x—y)?, x =0
x0=1, yo=—1, %0 =10"".

Updated penalty Solution error
= S 10°
1

= b - - AMy
£ 1010 ‘ e A _
g /! AMy, *
< ’ AM,,, \Ik
g e =

22t & 1010
£ 100 - =
<
=1
[
[oN

10° 102 10° 102
number of iterations number of iterations

AMgu:: solution error < 10712 by sweep 22.

Nearly equal factors can still leave a larger solution error.
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Applications
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Matrix sensing: penalty trajectories

The initial penalties differ by eight orders of magnitude.

-5 "')/0 = 103
AMagy [
AMy, b IN
R HAM,4 L .h'":l“'w
Ij;lilgléw 0 NG :l I N
—————— ad r '
/- - AAPGL, L0 Rt "l:":Q?J' """" ANy
AAPG & Lol ! ;:.,;n.'w,: AM,,

7 TR '|::'::\:£l T HAMqq,
ot II'I""\IH‘ HAM,,,
ot 'I,|'||I“"I —— AAPG,qp

; / U AR N
- Wl lll"lllmll ===~ AAPGy
" M R LA v
102 10* 100 102
(s) time(s)

The proposed variants settle at penalties of order one.
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Applications
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Matrix sensing: PSD recovery

2) =tr(2) + 3 (tr(G2) — b)?, h=0.

Y% =107° Yo = 10°
10° — Aoy 100 SR J—— AMag,
AMour AMyyr
[ HAM,4, ————— HAM,qy
o HAM,,, o HAM,,,
<R A L B | D AAPG,qy ST I D N\ O AAPG gy
g - = = AAPGuy 3 - === AAPGyy
+ AAPCy,, + AAPG,,,
2 nAPG g nAPG
102 { 10 |
— \
102 10° 102
time(s) time(s)
AM/HAM: faster than the adaptive counterparts, with similar final test
errors.
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Application: Top-k PSD approximation

(n, r) = (50,000, 1000); means over five paired trials.

Method Time (s) Rel. objective Subspace error

sBMF-GD  2332.627  1.99x10°° 5.57x 1072
sBMF-GN  225.145  2.85x10~7 6.68x103
AM,qp, 2586.158  1.48x107° 4.82x1072
AM gy 738.091  2.79x107° 2.10x 1072

Within AM: better accuracy in less time
3.50x faster than AM,q,, here; 2.29x in the smaller case. sSBMF-GN

remains best overall.
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Applications
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Low-rank recovery: Movielens

Matrix completion for recommendation; r= 2. AM comparisons.
Normalized-rating RMSE; mean £ SD over 50/50/10 runs.

Data  Method RMSE Time (s)
100K  AM,qp, 0.20£0.01 12.56 + 8.86
AMg,y  0.194+0.00 7.88 - 1.44
1M AMuq, 0.18 £0.01 174.81 + 136.86
AMg,y  0.18£0.00 75.57 £7.53

10M  AM,qp, 0.17£0.01 10962.04 £+ 4695.71
AMg,y  0.17£0.00 6723.75 + 292.08

AM speedups: 1.59x%, 2.31x, 1.63x.
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Link prediction: penalty and loss

Adult aba; both horizontal axes show iteration counts.

Penalty parameter v,

10°

penalty parameter

10° K

10°

10° 102
number of iterations

AM,y; raises «y early, then reduces it;

AM,qp, keeps increasing 7.

Loss f{YiY])

o
o

objective value f(V3,Y;")

ADMM
e AMaap
AMpyr

10' 102
number of iterations

108
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Link prediction with a PSD affinity matrix

Adult ala—aba; mean prediction accuracy over 10 runs.

Prediction accuracy

Factor difference: aba

B [— 0.94

102 "\\‘ -
JE— \‘ o
= . 0.92
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| = 09
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T 0.88

10° 10' 102 108
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AMgur vs.
and a2a.

number of iterations

different data

AM,qp: higher mean accuracy on a3a—aba; slightly lower on ala
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Application: clustering with sNMF

OPTDIGITS
n=5620, r=10
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2 0.95 AMo,r iz
3 [ HAM,, Iy
= HAM,,, b
[} ,I
g o09f— AAPGugy | i
o - - - - AAPG ,"
= AAPG,,
=
£ 085
wn
ER
S -
0.8
10°
time(s)

Gains depend on the solver
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and dataset.
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Exploration: a neural-network surrogate

Digits 3 vs. 8; lift dimension 29. Means over 120 matched runs.

Method Objective  PSD violation Pass rate
sBMF 4100 2.24x1071° 66.7%
aBMF-fixed —1.225 2.07x107° 100%
AMadp —1.225 2.24x1075 100%
AMgur —1.228 2.21x1075 100%

Pass: finite objective and all four diagnostic residuals < 0.05.

Nonconvex surrogate
Asymmetric variants have similar means. The residual diagnostic does

not certify robustness.
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Outlook
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Future research directions

© Sharper penalty bounds

Use matrix structure to reduce conservatism.

@ Adaptive and inexact algorithms
Establish convergence when penalties change and block solves are
inexact.

© Neural-network models
Control PSD and feasibility errors toward certified verification and

convex reformulations.

github.com/ynelhu/aBMF

Contact: ynel.hu@gmail.com
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