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Background



Binary Classification

Data: S = {z = (x;,yi)}/-; ~ p definedon Z =X x Y, Y = {-1,+1}




Learning with Shallow ReLU Network

@ Shallow Neural Network:

> we fix a; € {ﬁ,—ﬁ}
> we train the weight matrix W = (wy, ..., wp)
» 0 :R~— Ris the ReLU activation, i.e., o(a) = max{a, 0}
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Population and Empirical Risk

@ Loss function: f(W; z) = £(y®(W;x)), where £: R — R,.

» Prediction is correct if y®(W;x) > 0. We choose a decreasing function ¢

Population risk and Empirical risk
1 n
Fs(W) = — f(W;zj), F(W)=E,-,[f(W;
s(W) ",-E—l (W;z), F(W) olf(W:2)]

@ We want to get a model W with a small population risk!

This is achieved by an optimization algorithm A, which outputs A(S)!

empirical risk minimization: A(S) = arg minw Fs(W)
regularized risk minimization: A(S) = arg minw { Fs(W) + A|W|[5}
gradient descent: Wey1 < W, — nVFs(W,)

GD requires n gradient computations and is not efficient!




Stochastic Gradient Descent

Symmetric Initialization: ®(Wy;x) =0,Vx For j =1,...,m/2, we sample
wij ~ N(0,ly) andset wyjimpo=wij,

and assign output weights in opposite pairs:

ajim2 = =3,  laj| = %
Stochastic Gradient Descent (SGD)

fort=1,2,...to T —1do
| Wi« W, — V(W 2,), i~ Unif({1,...,n})

Subgradient
Weirj = Wej — 03yl (vi, ®(We; Xie ) T x>0 Xie-



Error Decomposition

We decompose F(Wr) into

F(Wr) = (F(Wr) — Fs(W7)) + Fs(Wr)
——

generalization gap optimization error

@ We leverage Rademacher complexity to study generalization gap

@ We use optimization theory to study optimization error



Optimization and Generalization Analysis



Weak Convexity of SNNs

Assumption on ¢
@ (is convex and L-smooth, i.e., [¢'(a) — ¢'(a")| < L|a— a'| for all a,a" € R.

@ Self-bounding property:|¢’(a)| < L¢(a) for some L > 0
@ Lipschitzness: |[¢'(a)| < G for some G > 0.

Examples include the logistic loss ¢(a) = log(1 + exp(—a)), polynomially-tailed loss and
sub-exponential loss (Schliserman and Koren, 2022).

Weak Convexity of SNNs (Lei et al., 2026)
For any W, W’ close to W1, we have

|W — W'|[oFs(W’)

Fs(W) — Fs(W') > (W — W, VFs(W')) — | N . (1)




Optimization Error

Consider a reference W* and introduce

Convergence rate
If m> ¢Z(W*) and 7

W, — W3 < €s(W") and 7> Fs(Wi) < €s(W").

Cs(W*) := nTFs(W") + W, — W*|)3.

< 1/L, then with high probability

t—1

k=1

Furthermore, there holds

Wi — Willz,00 < €s(W")//m, Yt € [T].

)

3)

(4)




Generalization Analysis

Rademacher Complexity

@ Let e1,..., €, be independent Rademacher variables (taking only values £1, with

equal probability)
@ The Rademacher complexity of F is defined as (S = {z})

1 n
Rs(F) :=Ee| sup — eif(zi)]. 5
«(7) =B [ S eif(e)] ©)
@ Convergence analyses show that |W,; — W*||3 < €s(W*)
@ It suffices to consider the localized function class
G:={x— d(W;x): ||W-W;] <R} (6)

Rademacher Complexity Bound
Let R > 0and G := {x — ®(W;x) : ||[W — W;i|]> < R}. Then,

Rs(G) < R//n.

(Lei and Xie, 2026)

Initialization-dependent complexity bound!




Risk Bounds

Risk Bounds

Assume m > €2(W*) and €s(W*)||W* — Wi |2,00 < 1. If < 1/L, then with probability
at least 1 — § we have

1 iF(Wt) _ 6(@5(W*) I Iog(l/é)).

n
t=1'

o If €s(W*) = O(1), then we get fast rates of order O(1/n).

@ If €s(W™) grows as logarithmic function of n, then we only require logartihmic
width!



Application to NTK Separable Data



Application: NTK Separability

The idea of NTK is to use first-order approximation

O(W;x) = ®(Wy;z) + (W — Wy, VO(Wy; x)) = (W — Wy, VO(Wi; x)).

NTK Separablllty (Taheri and Thrampoulidis, 2023; Ji and Telgarsky, 2019)

Assume there exists W, € R™ with [[W.|j2 =1 and [[W. 2,00 < ﬁ such that the
following inequality holds

y,‘<V¢’(W1;xi)>W*> >y, Vi€ [n]

Risk Bounds

Let £ be the logistic loss and the NTK separability assumption holds. If m = §~2(1/78)
and T =< n, then with probability at least 1 — ¢

% tz:;IE[F(Wt)] = 5(,%2).




Comparison

Work Method Bound Activation | Width | GC

Nitanda et al. (2019) GD 6(1/ n4'72 )| Smooth | poly n%/y
Ji and Telgarsky (2019) GD |O(1/(Vm?)| ReLU log n?
Taheri and Thrampoulidis (2024) | GD O(1/(nm?)) | Smooth log n?
Lei et al. (2026) GD o(1/(my?)) RelLU log n?
Ours SGD | O(1/(m?)) ReLU log n

Table: Comparison of the risk bounds under NTK separability condition with margin ~

“GC" means the gradient complexity.




Conclusion



Conclusion

Conclusion
@ We study optimization and generalization for SGD on shallow ReLU networks

@ We show SGD can achieve optimal rates with O(n) gradient computations for SNN

Future Work
@ How to consider NNs with other structures?
@ How to consider deep neural networks?

@ How to incorporate the approximation error analysis?
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