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Language Models

- are better understood! There’s a growing body of research that seeks to 
interpret the inner workings of NNs. 

1. Linear Probing — training a linear classifier from activations to features
2. Activating/Path Patching — replacing the output of model components
3. Steering (of activations/circuits) — adding/subtracting from activations
4. SAEs — decomposing activations into sparse, linear combinations

… and many more



What are we interpreting, exactly?

A wealth of different methods…

SAEs

Steering

Patching

Probing

applied to the same model



What is nature of LMs, 
such that all these methods work?



Roadmap

- Background — Interpreting NNs
- Interpretability now has a wealth of techniques, is there a unifying picture?

- Tensor Product Representations
- TPRs as a unifying architecture

- TPRs → Additive Analogies
- TPRs → Linear Probes
- TPRs → SAEs
- TPRs → Activation Patching



Primer: Tensor Product Representations

TPRs encode (filler, role) pairs into vectors

Domain: SVO Sentences

- fillers := {noun 1, noun 2, … verb 1, …}, roles := {subject, verb, object}*
- “The doctor will see the patient” 

↔ {(doctor, subject), (see, verb), (patient, object)}

*A domain can have multiple filler/role schemes that are equally expressive



Primer: Tensor Product Representations

TPRs encode (filler, role) pairs into vectors 

Domain: Natural Numbers

- fillers := {0, 1, … 9}, roles := {10^0, 10^1, 10^2, …}
- 376 

↔ {(3, 10^2), (7, 10^1), (6, 10^0)}



1. Input: filler x role pairs

Figure: Tom McCoy, TPR Demo (https://rtmccoy.com/tpdn/tpr_demo.html)

Primer: Tensor Product Representations



1. Input: filler x role pairs
2. Embedding lookup
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1. Input: filler x role pairs
2. Embedding lookup
3. Tensor product binding
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1. Input: filler x role pairs
2. Embedding lookup
3. Tensor product binding
4. Sum
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Primer: Tensor Product Representations



1. Input: filler x role pairs
2. Embedding lookup
3. Tensor product binding
4. Sum
5. Flatten

Figure: Tom McCoy, TPR Demo (https://rtmccoy.com/tpdn/tpr_demo.html)

Primer: Tensor Product Representations



1. Input: filler x role pairs
2. Embedding lookup
3. Tensor product binding
4. Sum
5. Flatten
6. Linear map to output

Figure: Tom McCoy, TPR Demo (https://rtmccoy.com/tpdn/tpr_demo.html)

Primer: Tensor Product Representations



Why TPRs?

- Encodes symbolic structure (as filler-role pairs) into vector 
representations losslessly
- Filler-role pairs are expressive
- Vector representations are neural network-friendly

- Lossless?
- Yes!
- We can find unbinding vectors that recover the filler bound to a role 

from a TPR. via the unbinding operator u, 

Primer: Tensor Product Representations



Primer: Tensor Product Encoders

Tensor Product Encoders can be trained to approximate Neural Networks

Loss := mse_loss(tpe(input_tpe), nn(input_nn))
*works for any fixed size representation.

Empirically, this often works!



Primer: Tensor Product Encoders

Example: TPR approximation of Seq2seq model trained on sequences



Roadmap

- Background — Interpreting NNs
- Interpretability now has a wealth of techniques, is there a unifying picture?

- Tensor Product Representations
- Tensor product representations are a (near) lossless encoding of filler-role 

representations in vector space
- TPRs as a unifying architecture

- TPRs → Additive Analogies
- TPRs → Linear Probes
- TPRs → SAEs
- TPRs → Activation Patching



Experiment 1: Additive Analogies

Mikolov et. al (2013)

 (Queen - King) ≈ (Woman - Man)

Queen - (Woman - Man) ≈ King*

*with important caveats, & distinctions from our setup



- Copy:     [1, 2, 3, 5, 2, 7]  →  [1, 2, 3, 5, 2, 7]
- Reverse: [1, 2, 3, 5, 2, 7]  →  [7, 2, 5, 3, 2, 1]

Train recurrent models on sequences of vocab 20, length 2-6

Experiment 1.1: Additive Analogies



Construct analogy quartets: 

<0 1 2> - <3 1 0> + <3 2 0> ≈  <0 2 2>

Evaluate: if nearest neighbour of resultant embedding is target

Result: additive analogies hold with perfect accuracy!

Experiment 1.1: Additive Analogies



Can TPR explain this? 

<0 1 2> - <3 1 0> + <3 2 0> ≈  <0 2 2>
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Can TPR explain this? 

<0 1 2> - <3 1 0> + <3 2 0> ≈  <0 2 2>

<0 1 2> = <0, 1st> + <1, 2nd> + <2, 3rd>
<3 1 0> = <3, 1st> + <1, 2nd> + <0, 3rd>
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= <0, 1st> + <2, 3rd> + <2, 2nd>
= <0 2 2>

Experiment 1.1: Additive Analogies



Generalize:

Analogy works because it substitutes filler-role pairs

Experiment 1.1: Additive Analogies



Can TPR explain this?

Yes, TPR ⊢ Additive Analogies*  

*mathematically

Experiment 1.1: Additive Analogies



How can we test this?

If TPR holds, we can also do additive analogies easier!

Instead of…

<0 1 2> - <3 1 0> + <3 2 0> ≈ <0 2 2>

We can use…

<0 1 2> - <1, 2nd> + <2, 2nd> ≈ <0 2 2>

Bindings of TPE

Embeddings of NN

Experiment 1.1: Additive Analogies



… and they work equally well!

Experiment 1.1: Additive Analogies

Task Architecture Vector Analogy TPE Analogy

Copy

RNN 100% 100%

GRU 100% 100%

LSTM 100% 100%

Reverse

RNN 95.4% 98.4%

GRU 100% 100%

LSTM 100% 100%



But why should we trust your toy task? 



Experiment 1.2: Additive Analogies

Data: SVO sentences. 77 Occupations, “the <subj> will see the <obj>”

Model: SOTA embedding transformers:

- ModernBERT (100M param)
- EmbeddingGemma (300M param)
- Qwen3-8B-embedding (8B param)



Expect: 

<the doctor will see the patient> 

- <the linguist will see the patient  > 

+ <the linguist will see the astronaut> 

≈ <the doctor   will see the astronaut>

ModernBERT EmbedGemma Qwen3

NN Analogy 92.3% 98.2% 90.8%

Experiment 1.2: Additive Analogies



Instead of…
<doctor see patient> - <linguist see patient> + <linguist see astronaut> 
≈ <doctor see astronaut>

We can …
<doctor see patient> - <patient, obj> + <astronaut, obj> 
≈ <doctor see astronaut>

ModernBERT EmbedGemma Qwen3-8B

NN Analogy 92.3% 98.2% 90.8%

TPE Analogy 96.5% 99.4% 94.8%

Experiment 1.2: Additive Analogies



TPR ⊢ Additive Analogies*  

*empirically

Experiment 1.2: Additive Analogies



Roadmap

- Background — Interpreting NNs
- Interpretability now has a wealth of techniques, is there a unifying picture?

- Tensor Product Representations
- Tensor product representations are a (near) lossless encoding of filler-role 

representations in vector space
- TPRs as a unifying architecture

- TPRs → Additive Analogies
- TPRs → Linear Probes
- TPRs → SAEs
- TPRs → Activation Patching



Experiment 2: Linear Probing

From the era of BERTology: BERT knows*….

*with many caveats, read the fine print (original papers)!

Part of Speech
Tenney et al. 2019



From the era of BERTology: BERT knows*….

*with many caveats, read the fine print (original papers)!

Syntactic Structure
Hewitt et al. 2019

Experiment 2: Linear Probing



From the era of BERTology: BERT knows*….

*with many caveats, read the fine print (original papers)!

Among many others…

Experiment 2: Linear Probing



Probes takes in hidden states (h) and linearly maps to features of interest

They’re often highly successful

on toy models..          or BERT… or LLMs…

Linear Probing



Can TPR 

explain this?

Experiment 2: Linear Probing



Linear probes are functions from vector space to semantics

Can we construct, with TPRs, a function that does the same?

Experiment 2: Linear Probing



Claim: Yes! Assume hidden state    is a TPR, i.e.

there is 

that give logits over the vocabulary of fillers.

F := filler embeddings transposed
u :=unbinding vectors, 
W+ := pseudoinverse of W

Experiment 2: Linear Probing



How?

Since all are linear/affine operations, they combine into a single operation.

Experiment 2: Linear Probing

Inverts flattening/linear 
transformationunbinding

match with fillers 



Can TPR explain this?

Yes, TPR ⊢ Linear Probing*  

*mathematically

Experiment 2: Linear Probing



Probes can be constructed from TPEs 
without further training. 
Synthetic Sequences:

Experiment 2: Linear Probing



Language Models, SVO sentences:

Experiment 2: Linear Probing



TPR ⊢ Linear Probing*  

*empirically

Experiment 2: Linear Probing



Roadmap
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- Interpretability now has a wealth of techniques, is there a unifying picture?

- Tensor Product Representations
- Tensor product representations are a (near) lossless encoding of filler-role 
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Experiment 3: Sparse Autoencoders

SAEs decompose an activation into a large set of sparsely activated features 



Scaling Monosemanticity, https://transformer-circuits.pub/2024/scaling-monosemanticity/

Experiment 3: Sparse Autoencoders



Train…

- Top-K Sparse Autoencoder
- On embeddings of SVO sentences by ModernBERT

Experiment 3: Sparse Autoencoders



Feature #430: 
explorer

Experiment 3: Sparse Autoencoders



Sentence #232: explorer and ambassador

Experiment 3: Sparse Autoencoders



- SAE reconstructs its input activations
- We measure with Reconstruction R-square

- Features that correspond meaningfully with concepts
- We measure with Average Feature Quality

Experiment 3: Sparse Autoencoders



- Can TPR 

- explain this?

Experiment 3: Sparse Autoencoders



Yes! Assume hidden state is TPR, i.e.

There are SAE feature vectors d with bias c

 

The intuition & construction here is similar to the linear probing case.

Experiment 3: Sparse Autoencoders



TPR ⊢ Sparse Autoencoders*  

*mathematically

Experiment 3: Sparse Autoencoders



The derivation allows us to construct SAEs.

Constructed SAEs are comparable to trained ones:

Experiment 3: Sparse Autoencoders



TPR ⊢ Sparse Autoencoders*  

*empirically

Experiment 3: Sparse Autoencoders



Roadmap

- Background — Interpreting NNs
- Interpretability now has a wealth of techniques, is there a unifying picture?

- Tensor Product Representations
- Tensor product representations are a (near) lossless encoding of filler-role 

representations in vector space
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Study how activations affect behavior:

Source: The linguist will see the student. The student will be seen by the ____

Dest:   The actor will see the student. The student will be seen by the ____ 

Experiment 4: Activation Patching



Observation: for this to work, representations must be structured. 

Experiment 4: Activation Patching



Experiment 4: Activation Patching



If so:

<...linguist see student…>  = <linguist, subject> + <see, verb> + <student, object>

<...actor see student…>  = <actor, subject> + <see, verb> + <student, object>

Observation:

- Also predicts that difference between the patched activations is a 
filler-role binding difference for the subject role.

<...actor…> = <...linguist…> - <linguist, subject> + <actor, subject>

Experiment 4: Activation Patching



1. Perform activation patching 
2. Train TPE to approximate LM activations at each layer
3. Perform TPE-based patching

a. Instead of replacing activations, subtract by difference: 
<linguist, subject> = <actor, subject> 

Experiment 4: Activation Patching



Achieve identical effects!

Experiment 4: Activation Patching



TPR ⊢ Activation Patching*  

*mathematically, as well as empirically

Experiment 4: Activation Patching



Roadmap

- Background — Interpreting NNs
- Interpretability now has a wealth of techniques, is there a unifying picture?

- Tensor Product Representations
- Tensor product representations are a (near) lossless encoding of filler-role 

representations in vector space
- TPRs as a unifying architecture

- Tensor product encoders mathematically and empirically explain the success of several 
approaches to model interpretation



Discussion

Big picture: rethinking mech interp as

Structure / Content  



Towards more generalized interpretation architectures:

- TPR  → Interpretation techniques
- Structural hypothesis → downstream predictions as a productive 

interpretation pipeline that derives multiple uses from one training

Discussion



Structural hypothesis comparison:

TPR

/

Linear Representation Hypothesis 

Discussion



/* Overflow Slides */



Unbinding a Tensor Product Representation

We can find unbinding vectors, such that 

- When multiplied with the correct role vector, it gives 1
- When multiplied with any other role vector, it gives 0

i.e. 

This exactly holds under a full-rank hypothesis (                           ), and 
approximately holds with benign scaling behavior  
(for allowable error,                              )



Unbinding a Tensor Product Representation

We can extract the filler vector bound to any role!

Given TPR                   , unbinding identity  

Notice that…

Tensor product

Unbinding identity Property of 
Kronecker Delta



Experiment 2: Linear Probing

Let’s show the claim*!

*I’m equally happy if you trust me on faith



Experiment 2: Linear Probing

contd…

We get dot product between all fillers and recovered filler, which are logits!


