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Background & Motivation
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 What is “egalitarian fairness” in federated learning?

• Ensuring that the performance of global model across the clients roughly 
comparable or even equal

• Welfare Scenario: Enhance fairness in federated learning for 
clients with limited data due to unavoidable circumstances.

𝑣𝑣𝑖𝑖 = 𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖(𝜋𝜋𝑔𝑔) 𝑣𝑣𝑘𝑘 = 𝑒𝑒𝑒𝑒𝑒𝑒𝑘𝑘(𝜋𝜋𝑔𝑔)

 Why we care about “stability” and “egalitarian fairness”?

Grand Coalition
𝜋𝜋𝑔𝑔

I sacrifice 
the received model performance for fairness!

𝑣𝑣𝑗𝑗 = 𝑒𝑒𝑒𝑒𝑒𝑒𝑗𝑗(𝜋𝜋𝑔𝑔)

• Observation: Egalitarian fairness is misunderstood as 
unavoidably causing high-data-resource clients to leave the 
grand coalition and form sub-coalitions, thereby undermining 
the stability of federated learning.

• Research Questions
𝑒𝑒𝑒𝑒𝑒𝑒𝑘𝑘(𝜋𝜋𝑔𝑔)𝑒𝑒𝑒𝑒𝑒𝑒𝑗𝑗(𝜋𝜋𝑔𝑔)

😭😭

𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖(𝜋𝜋𝑔𝑔)

Will it happen?① How does egalitarian fairness affect the stability of FLs? 
② How does this impact vary when clients exhibit altruistic 

behaviors? 
③ What is the optimal egalitarian fairness that a stable FL can 

achieve?

value
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Task model

 Mean estimation task with the closed-form local errors (Donahue et al. 2021.）

In an FL setting with 𝑁𝑁 clients, each client possesses a local dataset 𝒟𝒟𝑖𝑖 of size 𝑛𝑛𝑖𝑖. The local dataset of each client 𝒟𝒟𝑖𝑖 is with 
mean 𝜃𝜃𝑖𝑖 and  standard deviation 𝜖𝜖𝑖𝑖, where 𝜃𝜃𝑖𝑖 , 𝜖𝜖𝑖𝑖2 ~𝛩𝛩. When FL trains a global model for mean estimation and employs 
FedAvg for aggregation,  the expected mean squared error (MSE) for a client with 𝑛𝑛𝑖𝑖 samples within coalition 𝜋𝜋 is as follows,

where 𝜇𝜇𝑒𝑒 = 𝔼𝔼 𝜃𝜃𝑖𝑖,𝜖𝜖𝑖𝑖
2 ∼𝛩𝛩[𝜖𝜖𝑖𝑖2] denotes the expected value of the variance of the dataset distribution, and 𝜎𝜎2 = 𝑣𝑣𝑣𝑣𝑒𝑒(𝜃𝜃𝑖𝑖) denotes 

the variance between the means of the clients’ local datasets.

(Necessary to determine a tight fairness bound)



Game model

 Client behaviors

Friend set 𝐹𝐹𝑖𝑖 Friend set 𝐹𝐹𝑖𝑖 Friend set 𝐹𝐹𝑖𝑖

the  𝑖𝑖-th client the  𝑖𝑖-th client the  𝑖𝑖-th client

Purely selfish Purely welfare/
equal altruistic

Friendly welfare
/equal altruistic

weighting

 Altruism hedonic game vs. altruism coalition formation game

Proposition 1 (Pareto-optimality in error) Consider the FL system described as an ACFG, a core-stable coalition structure 
is also Pareto-optimal in local errors across all clients.
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×Non-Pareto-optimal
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Does egalitarian fairness lead to instability?

the most egalitarian fair coalition structure is core stable!

 Experimental findings

Takeaways from experiments

① Whether “egalitarian fairness leads to 
instability'' is influenced by the clients' 
behavior;

② Whether “egalitarian fairness leads to 
instability'' is influenced by the diverse 
friends-relationship networks.



How to establish appropriate egalitarian fairness in FL implementation?

 Preliminary
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• Distance function

measure the dataset size of a client relative to all other clients within the same coalition 𝜋𝜋.

• Notations
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How to establish appropriate egalitarian fairness in FL implementation?

 Theoretical results showing how the achievable bounds of egalitarian fairness vary under different client behaviors

• Proposition 2 Considering all clients are purely selfish,  the  
grand coalition 𝜋𝜋𝑔𝑔 remains  core-stable  if the  achieved 
egalitarian fairness is bounded by:

Insights: increase in the heterogeneity between the 
smallest dataset size overall and those within any 
given subset coalition—the achievable egalitarian 
fairness of a core-stable grand coalition becomes 
poorer.

Corollary 2 The core-stable grand coalition 𝜋𝜋𝑔𝑔 comprising all 
selfish clients, can asymptotically achieve strict egalitarian 
fairness, provided that the local dataset sizes of all clients 
are equal.

• Sufficient condition for achieving strict egalitarian fairness 
(λ = 1) 

Friend set 𝐹𝐹𝑖𝑖

the  𝑖𝑖-th client

Purely selfish
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How to establish appropriate egalitarian fairness in FL implementation?

 Theoretical results showing how the achievable bounds of egalitarian fairness vary under different client behaviors
• Proposition 3 Considering all clients are purely welfare 

altruistic, the grand coalition 𝜋𝜋𝑔𝑔 remains core-stable    if the   
achieved egalitarian fairness is bounded by:

Insights: the achieved egalitarian fairness declines 
as the gap between the smallest dataset size overall 
and the smallest dataset size within any given 
friends-relationship network increases. 

• More relaxed condition for achieving strict egalitarian 
fairness (λ = 1) 

Corollary 3 The core-stable grand coalition 𝜋𝜋𝑔𝑔 consisting of 
purely welfare clients, can asymptotically achieve strict 
egalitarian fairness if all clients are friends with the client 
possessing the smallest dataset size and 𝑁𝑁𝑔𝑔 → ∞.

Friend set 𝐹𝐹𝑖𝑖

the  𝑖𝑖-th client

Purely welfare altruistic



How to establish appropriate egalitarian fairness in FL implementation?

 Achievable bounds of egalitarian fairness under more complex client behaviors

• Proposition 4 Considering all clients are purely equal altruistic, the 
grand coalition 𝜋𝜋𝑔𝑔 remains core-stable    if the   achieved egalitarian 
fairness is bounded by:

• Insights: the egalitarian fairness bound for purely equal altruistic 
clients is influenced by the gap between the smallest dataset size 
overall and the weighted sum of dataset sizes within any given 
friends-relationship network.
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Friend set 𝐹𝐹𝑖𝑖

the  𝑖𝑖-th client

Purely equal altruistic



How to establish appropriate egalitarian fairness in FL implementation?

 Achievable bounds of egalitarian fairness under more complex client behaviors

• Proposition 5 Considering all clients are friendly welfare altruistic, the 
grand coalition 𝜋𝜋𝑔𝑔 remains core-stable    if the   achieved egalitarian 
fairness is bounded by:
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Friend set 𝐹𝐹𝑖𝑖

the  𝑖𝑖-th client

Friendly welfare altruistic

weighting

• Insights: the egalitarian fairness bounds in the context of friendly 
altruism behavior are shaped by two factors:  
① the heterogeneity of clients‘ local dataset sizes; 

Balanced by the selfishness degree parameter 
(w)② the difference between the smallest dataset size in the grand   

coalition and the smallest dataset size within established friends-
relationship networks.   



How to establish appropriate egalitarian fairness in FL implementation?

 Achievable bounds of egalitarian fairness under more complex client behaviors

• Proposition 6 Considering all clients are friendly equal altruistic, the 
grand coalition 𝜋𝜋𝑔𝑔 remains core-stable    if the   achieved egalitarian 
fairness is bounded by:
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Friend set 𝐹𝐹𝑖𝑖

the  𝑖𝑖-th client

Friendly equal altruistic

weighting

• Insights: the egalitarian fairness bounds in the context of friendly 
altruism behavior are shaped by two factors:  
① the heterogeneity of clients‘ local dataset sizes; 

Balanced by the selfishness degree parameter 
(w)② the difference between the smallest dataset size in the grand   

coalition and the weighted sum of dataset sizes within 
established friends-relationship networks.   



Evaluation
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• Fully connected

• Partially connected

Theoretically derived egalitarian fairness bounds (green dashed line) align with empirically achieved egalitarian fairness 
within the core-stable grand coalition (red solid line) under different client behaviors.

 Tightness validation



Evaluation

 Applicability 

• Heterogeneous clients’ behaviors

• Linear regression task

Theoretically derived egalitarian fairness bounds (green dashed line) align with empirically achieved egalitarian fairness 
within the core-stable grand coalition (red solid line) under different client behaviors.
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Thank You!

Jiashi Gao
gaojs2021@mail.sustech.edu.cn

Southern University of Science and Technology
Shenzhen, China
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