
Ju-Sheng Hong1, Junwen Yao1, Jonas Mueller2, Jane-Ling Wang1 
1University of California Davis 
2Cleanlab 

SAND 
Smooth Imputation of Sparse And Noisy Functional 
Data With Transformer Networks



Sparse and Noisy Functional Data

• Functional data are random functions .Xi (t), t ∈ [0,1]



Sparse and Noisy Functional Data

Observed Data 
Underlying Curve

#1

#2

#3

#4

• Functional data are random functions .Xi (t), t ∈ [0,1]



Sparse and Noisy Functional Data

Observed Data 
Underlying Curve

#1

#2

#3

#4

• Functional data are random functions . 

•  is observed at time   

Xi (t), t ∈ [0,1]
Xi ( ⋅ ) ti1, …, tini



Sparse and Noisy Functional Data

Observed Data 
Underlying Curve

#1

#2

#3

#4

• Functional data are random functions . 

•  is observed at time   

• Observations: .

Xi (t), t ∈ [0,1]
Xi ( ⋅ ) ti1, …, tini

Yij = X(tij) + εij



Sparse and Noisy Functional Data

Observed Data 
Underlying Curve

Observed Data 
Imputation

#1

#2

#3

#4

#1

#2

#3

#4

SAND

•  is observed at time   

• Observations: .

Xi ( ⋅ ) ti1, …, tini

Yij = X(tij) + εij



Goal: Recovering Underlying Curves
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Vanilla Transformer: 
Imputation Progress On Testing Data Over Iterations



Why vanilla transformers struggle with noisy data?

•Transformers are universal approximators [4]. 

• Training data  are noisy. 

• Imputed data mimics noise patterns

Yij

Vanilla Transformer: 
Imputation Progress On Testing Data Over Iterations
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SAND — Compared to Vanilla Transformers

Imputation from SAND Over Iterations Imputation from Vanilla Transformer Over Iterations



Simulation Studies
• Sample size . Signal-to-noise ration = 10,000 = 4
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Our Contribution
• Show a transformer is promising for functional data

imputation yet the imputed curves aren’t smooth

• Propose SAND (self-attention on derivatives) net-

work which enhances a vanilla transformer and outputs

smooth imputations

• Develop theoretical guarantees of the prediction error

from SAND via empirical risk minimization

Functional Data & Our Goal
• Functional data are random functions.

• e.g. air pollution studies, energy consumption studies

• In this work, we focus on:

a univariate random curve X(t) defined on [0, 1].

Let n be the sample size and for i → {1, . . . , n}
• Xi(·): underlying curve

• ti1, . . . , tini: observed time points

• observation: Yij = Xtij + ωij

Goal: recover Xi(·) using data (tij, Yij)ni
j=1

Individual Smoothing
• Estimate Xi(t) as the weighted sum of its neighbors:

Xi(t) =
ni∑

j=1
Kh(|t ↑ tj|)Yij.

• drawback: all ni must be ”large” for it to work

PACE [1]
• Apply Karhunen-Loève to individual curves

Xi(t) = µ(t) +
↓∑

k=1
εikϑk(t).

• {(ϖk, ϑk)}↓
k=1 are the eigen-components of the kernel

operator cov(X(s), X(t)).
• [1] uses the best linear predictor

E(εik | Yi) = ϖkϑT
ik!↑1

Yi
(Yi ↑ µi)

where ϑik = (ϑk(tij))ni
j=1 and Yi denotes (Yij)ni

j=1.

Conditional Neural Process [2]

Transformer [3]

SAND – Our Method
• Take a imputation T̃ from a transformer as an input

• Learn the derivative of T̃ via Di” operator

• Reconstruct a smooth version T̂ via Intg operator

Let T̃ be a matrix where the first rows is T̃ and the rest

of rows is the positional encoding of imputed locations.

• W (h)
O , W (h)

V , W (h)
K and W (h)

Q are learnable parameters

• Di”(T̃ ) = D̃ =
H∑

h=1
W (h)

O

(
W (h)

V T̃
)[

(
W (h)

K T̃
)T (

W (h)
Q T̃

)/↔
hd

]

• Intg(D̃) = cumulative summation of D̃

• SAND(T̃ ) = (T̃ )1 + Intg[Di”(T̃ )].
Remark: Di” is inspired by a self-attention module.

SAND’s Pipeline [4]

SAND’s Imputations
Simulation

Framingham Heart Study – BMI

Simulation
• sample size = 10, 000. signal-to-noise ratio = 4

ni = 30 ni = 8 to 12 ni = 3, 4, 5
MSE(SD) TV(SD) MSE(SD) TV(SD) MSE(SD) TV(SD)

PACE[1] 189.9(4.3) 187.1(2.0) 450.0(15) 201.9(2.1) 795.5(33) 209.5(2.2)

FACE[5] 284.6(8.8) 198.9(2.1) 488.2(16) 204.5(2.2) 807.1(32) 209.5(2.2)

mFPCA[6] 224.7(5.8) 192.0(2.1) 480.3(16) 204.0(2.2) 787.1(31) 209.3(2.2)

MICE[7] 176.7(3.7) 233.1(1.7) 721.6(27) 318.4(3.0) 1416(57) 332.7(2.8)

CNP[2] 290.4(11) 198.9(2.0) 551.3(21) 207.6(2.1) 920.3(52) 211.9(2.2)

GAIN[8] 261.9(6.8) 350.0(3.4) 1767(52) 743.3(5.1) 2065(51) 759.2(4.3)

1DS 262.9(6.0) 273.8(2.4) 735.3(22) 305.7(3.7) 1157(43) 263.3(3.1)

Transformers and our method

VT[3] 169.8(3.2) 218.2(1.7) 436.7(15) 227.0(2.2) 798.6(35) 230.6(2.6)

VTP 169.0(3.5) 179.9(2.0) 425.3(14) 199.4(2.1) 777.4(36) 210.2(2.2)

SAND 146.5(2.7) 164.6(1.8) 410.9(13) 196.8(2.0) 758.1(43) 206.8(2.2)

Real Data
• Reconstruct n = 5, 500 household’s energy consump-

tion in London during Nov 13 – 14, 2013

• Reconstruct n = 890 BMI curves from age 40 to 60

UK electricity Framingham study

ni = 30 ni = 8 to 12 ni = 3, 4, 5 ni = 3 to 11
MSE(SD) TV(SD) MSE(SD) TV(SD) MSE(SD) TV(SD) MSE(SD) TV(SD)

PACE 12.8(1.8) 19.0(1.1) 30.1(4.5) 21.1(1.2) 39.6(5.2) 21.9(1.2) 0.076(0.003) 0.04(0.002)

FACE 15.8(2.1) 21.3(1.2) 32.5(5.4) 22.6(1.2) 39.6(5.2) 23.0(1.2) 0.075(0.004) 0.03(0.002)

mFPCA 16.4(2.0) 22.2(1.2) 34.8(4.9) 23.2(1.2) 41.7(5.4) 23.3(1.2) 0.199(0.011) 0.325(0.013)

MICE 20.4(2.2) 67.8(3.3) 40.0(4.5) 65.4(2.8) 75.4(8.6) 71.4(1.5) 0.199(0.011) 0.32(0.013)

CNP 23.0(3.5) 21.4(1.2) 31.5(4.3) 22.1(1.2) 47.9(7.1) 22.7(1.2) 0.087(0.004) 0.04(0.002)

GAIN 31.9(3.7) 108(5.6) 75.4(8.2) 104(6.7) 99.6(15) 121(2.4) 0.212(0.019) 0.30(0.011)

1DS 17.3(2.2) 19.4(1.1) 50.0(7.0) 22.8(1.3) 105(18) 44.1(2.7) 0.135(0.009) 0.11(0.004)

VT 10.7(1.8) 20.6(1.1) 31.2(3.3) 23.2(1.3) 42.6(5.6) 38.5(2.5) 0.004(0.0002) 0.13(0.005)

SAND 10.0(1.9) 15.7(0.9) 26.7(3.0) 20.1(1.2) 38.3(5.1) 25.5(1.6) 0.019(0.001) 0.09(0.004)

Downstream Prediction Tasks
• Predict the average energy consumption on Nov 15

• Predict the average BMI from age 61 to 65

UK electricity Framingham study

ni = 30 ni = 8 to 12 ni = 3, 4, 5 ni = 3 to 11
PACE 5.77(0.9) 11.8(2.2) 15.5(2.9) 2.23(0.7)

FACE 7.23(1.4) 10.8(2.1) 13.7(2.3) 2.10(0.6)

VT 6.22(1.1) 8.01(1.3) 12.0(1.9) 2.31(0.6)

SAND 5.19(0.6) 7.39(1.1) 12.0(2.0) 1.76(0.5)
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*MSE, TV: the smaller the better
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