
Algebraic Positional Encodings

Konstantinos Kogkalidis1,2 Jean-Philipe Bernardy3,4 Vikas Garg1,5

1 Aalto University
2 University of Bologna

3 University of Gotheburg
4 Chalmers University of Technology

5 YaiYai Ltd.



TLDR

Algebraic Positional Encodings
Nice & elegant positional encodings for a bunch of different structures.

In a nutshell:
1. A sensible meta-theory for positional encodings
2. An actionable alternative to the current SOTA
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Premise

Attention:

atn(X, Y) := softmax(n)

(
(XΦ(q))(YΦ(k))>√

d

)
YΦ(v) (1)

atn(X, Y) ∈ ℝm×d for X ∈ ℝm×d, Y ∈ ℝn×d and Φ(q,k,v) ∈ ℝd×d

The problem:
atn(X, Y) ≡ atn(X, pn(Y)) (2)

where pn ∈ Sn
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Group Algebra 101

What is ... a group?

a set S and an operation (_ · _) : S × S → S, such that:
• (a · b) · c = a · (b · c)
• a · ε = ε · a = a
• a · a−1 = a−1 · a = ε

Trivia:
• If the whole group can be expressed using only S0 ⊂ S, then G = 〈S0〉; G is generated by S0.
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Points on a sequence ≡ ℕ

0

1

2

3

4

-(1+1+1+1)+1
=(-1)+(-1)+(-1)+(-1)+1
=(-1)+(-1)+(-1)

trivia #1: ℤ := 〈1〉
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Paths on a sequence ≡ ℤ

Consider φ : ℤ → O(d), such that:
φ(1) 7→ W ∈ O(d)

φ(m + n) 7→ φ(m)φ(n)
φ(−m) 7→ φ(m)> ≡ φ(m)−1

trivia #2: orthogonal matrices form a group under multiplication
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Paths on a sequence ≡ ℤ

Id

W

W2

W3

W4

W−4W = W−3

.. looks familiar?
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Paths on many other structures are also groups

0

2

2+ 22+ 1

1

1+ 21+ 1

φ(1) 7→ L
φ(2) 7→ R

(1, 0)

(0, 1)

(1, 1)

φ((m, n)) 7→ φ(m)⊕ φ(n)
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Get in touch!
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Thank you!


