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Background: X-ray Imaging and Tomographic
Reconstruction

X-ray: penetrable high-energy beams

X-ray projection: visualize internal structures

X-ray imaging function: I(r) =
∫ tf
tn
σ(r(t))dt

Tomographic reconstruction

Recover the density volume σ(x) from multi-angle projections
Challenges: sparse-view, noise, speed, etc

X-ray source

Object
<latexit sha1_base64="tCzMifK0EAGCDIkjmsmlVUToe9k=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQN2VGpHZZcOOygn1AZyiZNNOGJpkhyUjLML/ixoUibv0Rd/6NmXYW2nogcDjnXu7JCWJGlXacb6u0tb2zu1ferxwcHh2f2KfVnooSiUkXRyySgwApwqggXU01I4NYEsQDRvrB7C73+09EKhqJR72Iic/RRNCQYqSNNLKrnqITjuoeR3oahOk8uxrZNafhLAE3iVuQGijQGdlf3jjCCSdCY4aUGrpOrP0USU0xI1nFSxSJEZ6hCRkaKhAnyk+X2TN4aZQxDCNpntBwqf7eSBFXasEDM5lHVOteLv7nDRMdtvyUijjRRODVoTBhUEcwLwKOqSRYs4UhCEtqskI8RRJhbeqqmBLc9S9vkt51w202mg83tXarqKMMzsEFqAMX3II2uAcd0AUYzMEzeAVvVma9WO/Wx2q0ZBU7Z+APrM8f7zWUXA==</latexit>

�(x)

<latexit sha1_base64="gb2t6EWcFvZxx5LHsZg+uckV7tM=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAh1UxKR2mXBjcsK9gFtKJPppB06mcSZm0IJ/Q43LhRx68e482+ctFlo64GBwzn3cs8cPxZco+N8WxubW9s7u4W94v7B4dFx6eS0raNEUdaikYhU1yeaCS5ZCzkK1o0VI6EvWMef3GV+Z8qU5pF8xFnMvJCMJA84JWgkrx8SHPtBquYVvBqUyk7VWcBeJ25OypCjOSh99YcRTUImkQqidc91YvRSopBTwebFfqJZTOiEjFjPUElCpr10EXpuXxplaAeRMk+ivVB/b6Qk1HoW+mYyC6lXvUz8z+slGNS9lMs4QSbp8lCQCBsjO2vAHnLFKIqZIYQqbrLadEwUoWh6KpoS3NUvr5P2ddWtVWsPN+VGPa+jAOdwARVw4RYacA9NaAGFJ3iGV3izptaL9W59LEc3rHznDP7A+vwBm7GR+g==</latexit>

r(t)
<latexit sha1_base64="0D//HFCsodPZi4RUuiPrVVdtQ64=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4rmFpoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhPdDanhUijuo0DJu6nmNA4lfwwnt3P/8YlrIxL1gNOUBzEdKREJRtFKPg5yNRtUa27dXYCsE68gNSjQHlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehlEzyIVKM+SKLRdFmSSYkPnnZCg0ZyinllCmhb2VsDHVlKHNp2JD8FZfXiedq7rXqDfur2utZhFHGc7gHC7BgxtowR20wQcGAp7hFd4c5bw4787HsrXkFDOn8AfO5w8ndo7m</latexit>

tn
<latexit sha1_base64="cgNXU/OUszK4Wt6EWl/8XYPuqbE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4rmFpoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhPdDanhUijuo0DJu6nmNA4lfwwnt3P/8YlrIxL1gNOUBzEdKREJRtFKPg7yaDao1ty6uwBZJ15BalCgPah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKNmkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE46V3WvUW/cX9dazSKOMpzBOVyCBzfQgjtogw8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx8bTo7e</latexit>

tf

Projectio
n

<latexit sha1_base64="t4wTtMGfDhK6mNM/tE0ot67e9Cw=">AAAB8XicbVC7SgNBFL0bXzG+opaCDAbBKuxaxHQGbLRLwDwwWcLsZDYZMju7zMwKYUnpH9hYKGLrD6TyI+z8Bn/C2SSFJh64cDjnXu6514s4U9q2v6zMyura+kZ2M7e1vbO7l98/aKgwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG16lfvOeSsVCcatHEXUD3BfMZwRrI911AqwHnp/cjLv5gl20p0DLxJmTwuXHpPb9cDypdvOfnV5I4oAKTThWqu3YkXYTLDUjnI5znVjRCJMh7tO2oQIHVLnJNPEYnRqlh/xQmhIaTdXfEwkOlBoFnulME6pFLxX/89qx9stuwkQUayrIbJEfc6RDlJ6PekxSovnIEEwkM1kRGWCJiTZPypknOIsnL5PGedEpFUs1u1ApwwxZOIITOAMHLqAC11CFOhAQ8AjP8GIp68l6td5mrRlrPnMIf2C9/wB9ppU2</latexit>

I

<latexit sha1_base64="PEHb6VM3mOs1QxxIAhS7h0+XLks=">AAAB9HicbVC7SgNBFL0bX0l8RW0Em8EgxCbsWsSUQRvtIpgHJEuYncwmQ2Zn15nZQFwC/oWNhSK2Fn6KneDHOHkUmnhg4HDOvdwzx4s4U9q2v6zUyura+kY6k93c2t7Zze3t11UYS0JrJOShbHpYUc4ErWmmOW1GkuLA47ThDS4nfmNIpWKhuNWjiLoB7gnmM4K1kdzrQjvAuu/5iRyfdnJ5u2hPgZaJMyf5yuH9d+bh46LayX22uyGJAyo04ViplmNH2k2w1IxwOs62Y0UjTAa4R1uGChxQ5SbT0GN0YpQu8kNpntBoqv7eSHCg1CjwzOQkolr0JuJ/XivWftlNmIhiTQWZHfJjjnSIJg2gLpOUaD4yBBPJTFZE+lhiok1PWVOCs/jlZVI/KzqlYunGtFGGGdJwBMdQAAfOoQJXUIUaELiDR3iGF2toPVmv1ttsNGXNdw7gD6z3H5enlPY=</latexit>

I(r)

Object

Camera

Natural light

RGB imaging X-ray imaging

Input X-ray projections

Target Density Volume

?
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Previous Work

Traditional methods

Fast (< 10 min)
Bad quality

Supervised-learning methods

Good quality
External dataset required
Poor generation

NeRF-based methods

Good quality
Good generation (self-supervised)
Slow training (> 30 min)

Iterative solver

External Datasets

🔥Network

Prediction GT

Update

🔥Network

Rendered GT

Render

Optimize

X-ray 
Renderer

A new method should be...

Self-supervised: generalizable to arbitrary objects

Fast training: comparable to traditional methods

Ruyi Zha (ANU) R2-Gaussian NeurIPS 2024 3 / 15



Background: 3D Gaussian Splatting (3DGS)

SOTA method for RGB view synthesis

Represent objects with trainable 3D Gaussians

Differentiable rasterization for fast rendering and training

Objects as 3D Gaussians

Differentiable 
Rasterizer

Adaptive 
Control

🚀

Optimize

Render

Image
loss

Can we use the idea of 3DGS for tomographic reconstruction?

Ruyi Zha (ANU) R2-Gaussian NeurIPS 2024 4 / 15



Challenges

How to define 3D Gaussians for X-ray imaging?

How to rasterize X-ray projections?

How to directly1 get a density volume from Gaussians?

❓

❓

❓

X-ray Projection

Density Volume

1There are some 3DGS works for X-ray view synthesis, but they can’t obtain density
volumes from Gaussians, thus not suitable for tomographic reconstruction.
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Representing Density Fields as Radiative Gaussians

We define radiative Gaussian as a local Gaussian-shaped density field.

The overall density field is the sum of radiative Gaussians.

We use radiative Gasusians for both 2D rendering and 3D querying.

Radiative Gaussian
<latexit sha1_base64="HUt7aIuQBwxdyEC3yOpvl6I+4fI="></latexit>

G3
i (x) = ⇢i · e�

1
2 (x�pi)

>⌃�1
i (x�pi)

<latexit sha1_base64="2nEUPTw/XyKHTAW2A+0bZl7jfkw=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR4LXjxWsB/QLiWbZtvQbLImWaEs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukbl+P1SDjs0G54lW9BfA68XNSgRzNQfmrP1Q0jZm0VBBjer6X2CAj2nIq2KzUTw1LCJ2QEes5KknMTJAt7p3hC6cMcaS0K2nxQv09kZHYmGkcus6Y2LFZ9ebif14vtdFNkHGZpJZJulwUpQJbhefP4yHXjFoxdYRQzd2tmI6JJtS6iEouBH/15XXSrlX9erV+f1Vp1PI4inAG53AJPlxDA+6gCS2gIOAZXuENPaIX9I4+lq0FlM+cwh+gzx9iX5Aq</latexit>⇢i
<latexit sha1_base64="4zm5/uPAvHap/vFISj5mN300p5s=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EiyCp7JbpHosePFYwbZCu5Zsmm1Ds9mQZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5tMIDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6jhRhHZIzGN1H2BNORO0Y5jh9F4qiqOA014wvc793iNVmsXizswk9SM8FixkBBsrPQwibCZBmMpsmLJsWK25dXcOtEq8gtSgQHtY/RqMYpJEVBjCsdZ9z5XGT7EyjHCaVQaJphKTKR7TvqUCR1T76Tx1hs6sMkJhrOwTBs3V3xspjrSeRYGdzFPqZS8X//P6iQmv/JQJmRgqyOJQmHBkYpRXgEZMUWL4zBJMFLNZEZlghYmxRVVsCd7yl1dJt1H3mvXm7UWt1SjqKMMJnMI5eHAJLbiBNnSAgIJneIU358l5cd6dj8VoySl2juEPnM8fPkeS9w==</latexit>pi

<latexit sha1_base64="fJmJvLq6fSSzAXd7LxCwbA/z7dI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRFqsuCG5cV7QOaECbTSTt0ZhJmJkII9VfcuFDErR/izr9x0mahrQcGDufcyz1zwoRRpR3n26psbG5t71R3a3v7B4dH9vFJX8WpxKSHYxbLYYgUYVSQnqaakWEiCeIhI4NwdlP4g0ciFY3Fg84S4nM0ETSiGGkjBXbd40hPwyj37umEo3mQ03lgN5ymswBcJ25JGqBEN7C/vHGMU06ExgwpNXKdRPs5kppiRuY1L1UkQXiGJmRkqECcKD9fhJ/Dc6OMYRRL84SGC/X3Ro64UhkPzWQRVa16hfifN0p1dO3nVCSpJgIvD0UpgzqGRRNwTCXBmmWGICypyQrxFEmEtemrZkpwV7+8Tvqtpttutu8uG51WWUcVnIIzcAFccAU64BZ0QQ9gkIFn8ArerCfrxXq3PpajFavcqYM/sD5/AGH+lTc=</latexit>

⌃i

- Central Density
- Position
- Covariance

<latexit sha1_base64="j8U+PaPgiyVE7+VdQHdxBUxZUPM=">AAACG3icdVBLSwMxGMz6rPW16tFLsAgeZNltS623ggc9VrAPaNclm6ZtaDa7JFmhLPs/vPhXvHhQxJPgwX9jum19oQOBYWa+5Mv4EaNS2fa7sbC4tLyymlvLr29sbm2bO7tNGcYCkwYOWSjaPpKEUU4aiipG2pEgKPAZafmjs4nfuiFC0pBfqXFE3AANOO1TjJSWPLOYdLNLOmLgu4ltVaun5XLpeEaKnyQ99xInvU5KaeqZhXkOzu0v4lh2hgKYoe6Zr91eiOOAcIUZkrLj2JFyEyQUxYyk+W4sSYTwCA1IR1OOAiLdJFsrhYda6cF+KPThCmbq94kEBVKOA18nA6SG8rc3Ef/yOrHqV92E8ihWhOPpQ/2YQRXCSVGwRwXBio01QVhQvSvEQyQQVrrOvC5h/lP4P2kWLadiVS7LhVpxVkcO7IMDcAQccAJq4ALUQQNgcAvuwSN4Mu6MB+PZeJlGF4zZzB74AePtA34ZnfY=</latexit>

G3
1

<latexit sha1_base64="WPyf3EMAo/fqK7SOD54HHqM68/k=">AAACG3icdVBLSwMxGMz6rPW16tFLsAgeZNluS623ggc9VrAPaNeSTbNtaDa7JFmhLPs/vPhXvHhQxJPgwX9jum19oQOBYWa+5Mt4EaNS2fa7sbC4tLyymlvLr29sbm2bO7tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXmjs4nfuiFC0pBfqXFE3AANOPUpRkpLPdNJutklHTHw3MS2qtXTcrl0PCPOJ0nPe4mTXielNO2ZhXkOzu0vUrTsDAUwQ71nvnb7IY4DwhVmSMpO0Y6UmyChKGYkzXdjSSKER2hAOppyFBDpJtlaKTzUSh/6odCHK5ip3ycSFEg5DjydDJAayt/eRPzL68TKr7oJ5VGsCMfTh/yYQRXCSVGwTwXBio01QVhQvSvEQyQQVrrOvC5h/lP4P2k6VrFiVS7LhZozqyMH9sEBOAJFcAJq4ALUQQNgcAvuwSN4Mu6MB+PZeJlGF4zZzB74AePtA3+jnfc=</latexit>

G3
2

<latexit sha1_base64="xRtNU9sVdKXtQt4RlqVDeN3aVzk=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahbkpSpbopFFzoRqhgL9DEMJlO2qEzSZiZiCXkTdz4Km5cKCLu+jZO2ixq6w8DH/85hznn9yJKhDTNibayura+sVnYKm7v7O7t6weHbRHGHOEWCmnIux4UmJIAtySRFHcjjiHzKO54o+us3nnCXJAweJDjCDsMDgLiEwSlsly9ZgsyYLBsMyiHnp88p2d1W8TMTUjdSh+Tu/RGoYLzdL7H1UtmxZzKWAYrhxLI1XT1H7sfopjhQCIKhehZZiSdBHJJEMVp0Y4FjiAawQHuKQwgw8JJpvelxqly+oYfcvUCaUzd+YkEMiHGzFOd2YpisZaZ/9V6sfSvnIQEUSxxgGYf+TE1ZGhkYRl9wjGSdKwAIk7UrgYaQg6RVJEWVQjW4snL0K5WrFqldn9RalTzOArgGJyAMrDAJWiAW9AELYDAC3gDH+BTe9XetS/te9a6ouUzR+CPtMkvHh6jnA==</latexit>

�(x) =

MX

i=1

G3
i (x)

Density Field Modelling

Ruyi Zha (ANU) R2-Gaussian NeurIPS 2024 6 / 15



X-ray Rasterization

Rasterization pipeline

Transformation: world space to ray space

Projection: 3D Gaussians to 2D Gaussians

Composition: 2D Gaussians to image

Transformation

World Space

<latexit sha1_base64="P5hflZ0813oQ5RmMtPi14aK8uyc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvHisYD+gXUo2zbah2SQkWbEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5lqQltEcqm7ETaUM0FblllOu0pTnEScdqLJ7dzvPFJtmBQPdqpomOCRYDEj2Dqp08dKafk0KFf8qr8AWidBTiqQozkof/WHkqQJFZZwbEwv8JUNM6wtI5zOSv3UUIXJBI9oz1GBE2rCbHHuDF04ZYhiqV0Jixbq74kMJ8ZMk8h1JtiOzao3F//zeqmNb8KMCZVaKshyUZxyZCWa/46GTFNi+dQRTDRztyIyxhoT6xIquRCC1ZfXSbtWDerV+v1VpVHL4yjCGZzDJQRwDQ24gya0gMAEnuEV3jzlvXjv3seyteDlM6fwB97nD5Ikj7E=</latexit>⇡

Ray Space

<latexit sha1_base64="Z/0a0O61Ma0iEUa++nMMuqrhQ8o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd1dluvVPI4CnMIZXIAHV1CHW2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AEL9o2c</latexit>x2
<latexit sha1_base64="rPuivfj9UMRFavEWx0hmGshZtqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VPf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4uy/VqHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAI7o2a</latexit>x0

<latexit sha1_base64="9EHLTd2MuDXpXc7DTa0j6SmkeQI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpF262YTdjVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6f+p7/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrViler1O4uy/VqHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAKco2b</latexit>x1

<latexit sha1_base64="z4qhrpLzXb0AEvx2U/LKJT8QSp4=">AAAB63icbVBNS8NAEJ34WetX1aOXYBE8laRI9Vjw4rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/dmmJkXJoIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpXe53n5g2PFaPOEtYIMlY8YhTgrk04AqHlapX8xZw14lfkCoUaA0rX4NRTFPJFFJBjOn7XoJBRjRyKti8PEgNSwidkjHrW6qIZCbIFrfO3UurjNwo1rYUugv190RGpDEzGdpOSXBiVr1c/M/rpxjdBhlXSYpM0eWiKBUuxm7+uDvimlEUM0sI1dze6tIJ0YSijadsQ/BXX14nnXrNb9QaD9fVZr2IowTncAFX4MMNNOEeWtAGChN4hld4c6Tz4rw7H8vWDaeYOYM/cD5/ACFqjkQ=</latexit>Z
<latexit sha1_base64="Q4Ge730mROuknNW84JseDonCCJ0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepv7vUeqNIvlg5kl1Bd4LFnECDa5FD6NGqNqza27C6B14hWkBgXao+rXMIxJKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniMR1YKrGg2s8Wt87RhVVCFMXKljRoof6eyLDQeiYC2ymwmehVLxf/8wapiW78jMkkNVSS5aIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdgQvNWX10m3Ufea9eb9Va3VKOIowxmcwyV4cA0tuIM2dIDABJ7hFd4c4bw4787HsrXkFDOn8AfO5w/Jmo4K</latexit>

dx2
<latexit sha1_base64="O7SxXdgkCTci6jrXTwbH9jv1mSQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMV+wFtKJvtpl26yYbdiVJCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23jEo1402mpNKdgBouRcybKFDyTqI5jQLJ28H4Zua3H7k2QsUPOEm4H9FhLELBKFqp27sXwxFSrdVTv1R2K+4cZJV4OSlDjka/9NUbKJZGPEYmqTFdz03Qz6hGwSSfFnup4QllYzrkXUtjGnHjZ/OTp+TcKgMSKm0rRjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZiJMUecwWi8JUElRk9j8ZCM0ZyokllGlhbyVsRDVlaFMq2hC85ZdXSata8WqV2t1luV7N4yjAKZzBBXhwBXW4hQY0gYGCZ3iFNwedF+fd+Vi0rjn5zAn8gfP5A4/dkWg=</latexit>)

Projection Composition

2D Gaussians
Rendered

<latexit sha1_base64="14tv9X4u+kLnJq2/j9w9I8pZU3k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7AbJHoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWq52rgu1SpZHHk4g3O4BA9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW0/jKg=</latexit>

)𝛼-blend
<latexit sha1_base64="14tv9X4u+kLnJq2/j9w9I8pZU3k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7AbJHoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWq52rgu1SpZHHk4g3O4BA9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW0/jKg=</latexit>

)

<latexit sha1_base64="JDXxPh0GulTqsDYqScejhErNw08=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qxfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/n+yPLg==</latexit>⇢i
<latexit sha1_base64="JDXxPh0GulTqsDYqScejhErNw08=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qxfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/n+yPLg==</latexit>⇢i

3DGS rasterization

Transformation

World Space

<latexit sha1_base64="P5hflZ0813oQ5RmMtPi14aK8uyc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvHisYD+gXUo2zbah2SQkWbEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5lqQltEcqm7ETaUM0FblllOu0pTnEScdqLJ7dzvPFJtmBQPdqpomOCRYDEj2Dqp08dKafk0KFf8qr8AWidBTiqQozkof/WHkqQJFZZwbEwv8JUNM6wtI5zOSv3UUIXJBI9oz1GBE2rCbHHuDF04ZYhiqV0Jixbq74kMJ8ZMk8h1JtiOzao3F//zeqmNb8KMCZVaKshyUZxyZCWa/46GTFNi+dQRTDRztyIyxhoT6xIquRCC1ZfXSbtWDerV+v1VpVHL4yjCGZzDJQRwDQ24gya0gMAEnuEV3jzlvXjv3seyteDlM6fwB97nD5Ikj7E=</latexit>⇡

Ray Space

<latexit sha1_base64="Z/0a0O61Ma0iEUa++nMMuqrhQ8o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd1dluvVPI4CnMIZXIAHV1CHW2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AEL9o2c</latexit>x2
<latexit sha1_base64="rPuivfj9UMRFavEWx0hmGshZtqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VPf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4uy/VqHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAI7o2a</latexit>x0

<latexit sha1_base64="9EHLTd2MuDXpXc7DTa0j6SmkeQI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpF262YTdjVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6f+p7/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrViler1O4uy/VqHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAKco2b</latexit>x1

<latexit sha1_base64="z4qhrpLzXb0AEvx2U/LKJT8QSp4=">AAAB63icbVBNS8NAEJ34WetX1aOXYBE8laRI9Vjw4rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/dmmJkXJoIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpXe53n5g2PFaPOEtYIMlY8YhTgrk04AqHlapX8xZw14lfkCoUaA0rX4NRTFPJFFJBjOn7XoJBRjRyKti8PEgNSwidkjHrW6qIZCbIFrfO3UurjNwo1rYUugv190RGpDEzGdpOSXBiVr1c/M/rpxjdBhlXSYpM0eWiKBUuxm7+uDvimlEUM0sI1dze6tIJ0YSijadsQ/BXX14nnXrNb9QaD9fVZr2IowTncAFX4MMNNOEeWtAGChN4hld4c6Tz4rw7H8vWDaeYOYM/cD5/ACFqjkQ=</latexit>Z
<latexit sha1_base64="Q4Ge730mROuknNW84JseDonCCJ0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepv7vUeqNIvlg5kl1Bd4LFnECDa5FD6NGqNqza27C6B14hWkBgXao+rXMIxJKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniMR1YKrGg2s8Wt87RhVVCFMXKljRoof6eyLDQeiYC2ymwmehVLxf/8wapiW78jMkkNVSS5aIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdgQvNWX10m3Ufea9eb9Va3VKOIowxmcwyV4cA0tuIM2dIDABJ7hFd4c4bw4787HsrXkFDOn8AfO5w/Jmo4K</latexit>

dx2
<latexit sha1_base64="O7SxXdgkCTci6jrXTwbH9jv1mSQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMV+wFtKJvtpl26yYbdiVJCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23jEo1402mpNKdgBouRcybKFDyTqI5jQLJ28H4Zua3H7k2QsUPOEm4H9FhLELBKFqp27sXwxFSrdVTv1R2K+4cZJV4OSlDjka/9NUbKJZGPEYmqTFdz03Qz6hGwSSfFnup4QllYzrkXUtjGnHjZ/OTp+TcKgMSKm0rRjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZiJMUecwWi8JUElRk9j8ZCM0ZyokllGlhbyVsRDVlaFMq2hC85ZdXSata8WqV2t1luV7N4yjAKZzBBXhwBXW4hQY0gYGCZ3iFNwedF+fd+Vi0rjn5zAn8gfP5A4/dkWg=</latexit>)

Projection Composition

<latexit sha1_base64="P3KK3V1zeYhCQ/g+F1uPmfnvzns=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5IUqR4LXjxWMG2hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btMctPXBwOO9GWbmhQln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXR2nilCfxDxW/RBrypmkvmGG036iKBYhp71wdrf0e09UaRbLRzNPaCDwRLKIEWys5A91Kuqjas1tuDnQJvEKUoMCnVH1aziOSSqoNIRjrQeem5ggw8owwumiMkw1TTCZ4QkdWCqxoDrI8mMX6MoqYxTFypY0KFd/T2RYaD0Xoe0U2Ez1urcU//MGqYlug4zJJDVUktWiKOXIxGj5ORozRYnhc0swUczeisgUK0yMzadiQ/DWX94k3WbDazVaD9e1drOIowwXcAl18OAG2nAPHfCBAINneIU3RzovzrvzsWotOcXMOfyB8/kDk+iOgA==</latexit>X
(

<latexit sha1_base64="14tv9X4u+kLnJq2/j9w9I8pZU3k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7AbJHoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWq52rgu1SpZHHk4g3O4BA9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW0/jKg=</latexit>

)

2D Gaussians Rendered

<latexit sha1_base64="9O8nCkRTWkwE1CY3Z55DC/DUm9I="></latexit>

⇢i(2⇡|⌃̃i|/|⌃̂i|)1/2 = ⇢̂i

Our X-ray rasterization
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Integration Bias in 3DGS

Integration property of normalized Gaussian distribution
Integrating a normalized 3D Gaussian distribution along an axis yields a normalized 2D Gaussian distribution:∫

R

1

(2π)
3
2 |Σ|

1
2

exp(−
1

2
(x− p)

>
Σ
−1

(x− p))dx2 =
1

2π|Σ̂|
1
2

exp(−
1

2
(x̂− p̂)

>
Σ̂
−1

(x̂− p̂)),

where x =

x0x1
x2

⇒ x̂ =

[
x0
x1

]
, Σ =

a b c
b d e
c e f

⇒ Σ̂ =

[
a b
b d

]
, and p =

p0p1
p2

⇒ p̂ =

[
p0
p1

]
.

When projecting a 3D Gaussian primitive to its 2D companion, we have:

G
2
(x̂|ρ̂, p̂, Σ̂) =

∫
G

3
(x|ρ,p,Σ)dx2 = ρ

∫
exp

(
−

1

2
(x− p)

>
Σ
−1

(x− p)

)
dx2

= ρ(2π)
3
2 |Σ|

1
2

∫
1

(2π)
3
2 |Σ|

1
2

exp

(
−

1

2
(x− p)

>
Σ
−1

(x− p)

)
dx2

= ρ(2π)
3
2 |Σ|

1
2

1

2π|Σ̂|
1
2

exp

(
−

1

2
(x̂− p̂)

>
Σ̂
−1

(x̂− p̂)

)

= G
2
(x̂|
√

2π|Σ|/|Σ̂|︸ ︷︷ ︸
µ

ρ, p̂, Σ̂)

Note the density (opacity) change: ρ̂ = µρ
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Integration Bias in 3DGS

3D density ⇒ 2D density: ρ̂ =

√
2π|Σ|/|Σ̂|

︸ ︷︷ ︸
µ

ρ

µ is view-dependent, making ρ̂ view-dependent.

3DGS: view-independent ρ̂ = ρ

OK for 2D rendering

inconsistency (bias) for 3D querying: ρ
?
= ρ̂/µ

Ours: view-dependent ρ̂ = µρ

No inconsistency problem for 3D querying

<latexit sha1_base64="2wF74RhIFPMd/LVljq24H62MBzk="></latexit>

⇢ = ⇢̂/µ1 or ⇢ = ⇢̂/µ2 ?

<latexit sha1_base64="Kpwzye7H9KMY0xTV2grNPbH44Jw="></latexit>µ1

<latexit sha1_base64="hUqyfm91bCiq+AUuCn8bb8UFRAY="></latexit>µ2
<latexit sha1_base64="1b92NV03oiW5jz5AaeVafWZPu90=">AAAB63icbVC7SgNBFL3rM8aoUUtBFoNgFXZTRMuAjWUC5gHJEmYns9kh81hmZoWwpLS1sVDE1n/Id9j5Df6Ek0ehiQcuHM65l3vvCRNGtfG8L2djc2t7Zze3l98vHBweFY9PWlqmCpMmlkyqTog0YVSQpqGGkU6iCOIhI+1wdDvz2w9EaSrFvRknJOBoKGhEMTIzqadi2S+WvLI3h7tO/CUp1QrTxvfj+bTeL372BhKnnAiDGdK663uJCTKkDMWMTPK9VJME4REakq6lAnGig2x+68S9tMrAjaSyJYw7V39PZIhrPeah7eTIxHrVm4n/ed3URDdBRkWSGiLwYlGUMtdId/a4O6CKYMPGliCsqL3VxTFSCBsbT96G4K++vE5albJfLVcbNo0KLJCDM7iAK/DhGmpwB3VoAoYYnuAFXh3uPDtvzvuidcNZzpzCHzgfP/Wukdk=</latexit>⇢

<latexit sha1_base64="caP9VOM3ycDkngz8cc9w1PUH6Rw=">AAAB8XicbVDLSsNAFJ3UV61Vqy4FCRbBVUm6qC4Lbly2YB/YhDKZTpqhk5kwcyOU0KV/4MaFIm79gX6HO7/Bn3D6WGjrgQuHc+7l3nuChDMNjvNl5TY2t7Z38ruFveL+wWHp6LitZaoIbRHJpeoGWFPOBG0BA067iaI4DjjtBKObmd95oEozKe5gnFA/xkPBQkYwGOneizBknorkpF8qOxVnDnuduEtSrhenze/Hs2mjX/r0BpKkMRVAONa65zoJ+BlWwAink4KXappgMsJD2jNU4JhqP5tfPLEvjDKwQ6lMCbDn6u+JDMdaj+PAdMYYIr3qzcT/vF4K4bWfMZGkQAVZLApTboO0Z+/bA6YoAT42BBPFzK02ibDCBExIBROCu/ryOmlXK26tUmuaNKpogTw6RefoErnoCtXRLWqgFiJIoCf0gl4tbT1bb9b7ojVnLWdO0B9YHz/HPpSm</latexit>

⇢̂

<latexit sha1_base64="caP9VOM3ycDkngz8cc9w1PUH6Rw=">AAAB8XicbVDLSsNAFJ3UV61Vqy4FCRbBVUm6qC4Lbly2YB/YhDKZTpqhk5kwcyOU0KV/4MaFIm79gX6HO7/Bn3D6WGjrgQuHc+7l3nuChDMNjvNl5TY2t7Z38ruFveL+wWHp6LitZaoIbRHJpeoGWFPOBG0BA067iaI4DjjtBKObmd95oEozKe5gnFA/xkPBQkYwGOneizBknorkpF8qOxVnDnuduEtSrhenze/Hs2mjX/r0BpKkMRVAONa65zoJ+BlWwAink4KXappgMsJD2jNU4JhqP5tfPLEvjDKwQ6lMCbDn6u+JDMdaj+PAdMYYIr3qzcT/vF4K4bWfMZGkQAVZLApTboO0Z+/bA6YoAT42BBPFzK02ibDCBExIBROCu/ryOmlXK26tUmuaNKpogTw6RefoErnoCtXRLWqgFiJIoCf0gl4tbT1bb9b7ojVnLWdO0B9YHz/HPpSm</latexit>

⇢̂

<latexit sha1_base64="Kpwzye7H9KMY0xTV2grNPbH44Jw="></latexit>µ1

<latexit sha1_base64="hUqyfm91bCiq+AUuCn8bb8UFRAY="></latexit>µ2
<latexit sha1_base64="1b92NV03oiW5jz5AaeVafWZPu90=">AAAB63icbVC7SgNBFL3rM8aoUUtBFoNgFXZTRMuAjWUC5gHJEmYns9kh81hmZoWwpLS1sVDE1n/Id9j5Df6Ek0ehiQcuHM65l3vvCRNGtfG8L2djc2t7Zze3l98vHBweFY9PWlqmCpMmlkyqTog0YVSQpqGGkU6iCOIhI+1wdDvz2w9EaSrFvRknJOBoKGhEMTIzqadi2S+WvLI3h7tO/CUp1QrTxvfj+bTeL372BhKnnAiDGdK663uJCTKkDMWMTPK9VJME4REakq6lAnGig2x+68S9tMrAjaSyJYw7V39PZIhrPeah7eTIxHrVm4n/ed3URDdBRkWSGiLwYlGUMtdId/a4O6CKYMPGliCsqL3VxTFSCBsbT96G4K++vE5albJfLVcbNo0KLJCDM7iAK/DhGmpwB3VoAoYYnuAFXh3uPDtvzvuidcNZzpzCHzgfP/Wukdk=</latexit>⇢

<latexit sha1_base64="y4W3YT2gBA9Yw+VGAEd/0BK34Ss=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFSZ9JHVXcOOygn1AE8tkOmmGTh7MTJQS+h9uXCji1n9x5984fQgqeuDC4Zx7ufceP+VMKoQ+jMLa+sbmVnG7tLO7t39QPjzqyiQThHZIwhPR97GknMW0o5jitJ8KiiOf054/uZz7vTsqJEviGzVNqRfhccwCRrDS0q0bYpW7Ikxmw9yaDcsVZDbqF45jQWQip2Y3bU0aqFGvIWiZaIEKWKE9LL+7o4RkEY0V4VjKgYVS5eVYKEY4nZXcTNIUkwke04GmMY6o9PLF1TN4ppURDBKhK1ZwoX6fyHEk5TTydWeEVSh/e3PxL2+QqaDp5SxOM0VjslwUZByqBM4jgCMmKFF8qgkmgulbIQmxwETpoEo6hK9P4f+kWzUt27Sv65VWdRVHEZyAU3AOLOCAFrgCbdABBAjwAJ7As3FvPBovxuuytWCsZo7BDxhvn12gkw8=</latexit>

ω̂1

<latexit sha1_base64="O1r2bSgBEPJmaVko7A1nXD1OJls=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAiuwiRpa90V3LisYB/QxDKZTpqhkwczE6WE/IcbF4q49V/c+TdOH4KKHrhwOOde7r3HTzmTCqEPY2V1bX1js7RV3t7Z3duvHBx2ZZIJQjsk4Yno+1hSzmLaUUxx2k8FxZHPac+fXM783h0VkiXxjZqm1IvwOGYBI1hp6dYNscpdESbFMLeLYaWKTLtu1e0LiMwGqjs1RxPLaVrIgZaJ5qiCJdrDyrs7SkgW0VgRjqUcWChVXo6FYoTTouxmkqaYTPCYDjSNcUSll8+vLuCpVkYwSISuWMG5+n0ix5GU08jXnRFWofztzcS/vEGmgqaXszjNFI3JYlGQcagSOIsAjpigRPGpJpgIpm+FJMQCE6WDKusQvj6F/5OubVoNs3Fdq7bsZRwlcAxOwBmwwDlogSvQBh1AgAAP4Ak8G/fGo/FivC5aV4zlzBH4AePtE0NXkv0=</latexit>

ω̂2

<latexit sha1_base64="NRGOvC9PK60KtJ1BPvJnNj8b8a8="></latexit>

ω̂1=µ1ω, ω̂2=µ2ω

3DGS Ours
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X-ray Voxelization

We develop a voxelizer to query density volumes from Gaussians.

CUDA-based, very fast

Differentiable, support 3D losses

3D Tile VoxelRadiative Gaussians Density Volume

<latexit sha1_base64="j8U+PaPgiyVE7+VdQHdxBUxZUPM=">AAACG3icdVBLSwMxGMz6rPW16tFLsAgeZNltS623ggc9VrAPaNclm6ZtaDa7JFmhLPs/vPhXvHhQxJPgwX9jum19oQOBYWa+5Mv4EaNS2fa7sbC4tLyymlvLr29sbm2bO7tNGcYCkwYOWSjaPpKEUU4aiipG2pEgKPAZafmjs4nfuiFC0pBfqXFE3AANOO1TjJSWPLOYdLNLOmLgu4ltVaun5XLpeEaKnyQ99xInvU5KaeqZhXkOzu0v4lh2hgKYoe6Zr91eiOOAcIUZkrLj2JFyEyQUxYyk+W4sSYTwCA1IR1OOAiLdJFsrhYda6cF+KPThCmbq94kEBVKOA18nA6SG8rc3Ef/yOrHqV92E8ihWhOPpQ/2YQRXCSVGwRwXBio01QVhQvSvEQyQQVrrOvC5h/lP4P2kWLadiVS7LhVpxVkcO7IMDcAQccAJq4ALUQQNgcAvuwSN4Mu6MB+PZeJlGF4zZzB74AePtA34ZnfY=</latexit>

G3
1

<latexit sha1_base64="WPyf3EMAo/fqK7SOD54HHqM68/k=">AAACG3icdVBLSwMxGMz6rPW16tFLsAgeZNluS623ggc9VrAPaNeSTbNtaDa7JFmhLPs/vPhXvHhQxJPgwX9jum19oQOBYWa+5Mt4EaNS2fa7sbC4tLyymlvLr29sbm2bO7tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXmjs4nfuiFC0pBfqXFE3AANOPUpRkpLPdNJutklHTHw3MS2qtXTcrl0PCPOJ0nPe4mTXielNO2ZhXkOzu0vUrTsDAUwQ71nvnb7IY4DwhVmSMpO0Y6UmyChKGYkzXdjSSKER2hAOppyFBDpJtlaKTzUSh/6odCHK5ip3ycSFEg5DjydDJAayt/eRPzL68TKr7oJ5VGsCMfTh/yYQRXCSVGwTwXBio01QVhQvSvEQyQQVrrOvC5h/lP4P2k6VrFiVS7LhZozqyMH9sEBOAJFcAJq4ALUQQNgcAvuwSN4Mu6MB+PZeJlGF4zZzB74AePtA3+jnfc=</latexit>

G3
2

<latexit sha1_base64="xRtNU9sVdKXtQt4RlqVDeN3aVzk=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahbkpSpbopFFzoRqhgL9DEMJlO2qEzSZiZiCXkTdz4Km5cKCLu+jZO2ixq6w8DH/85hznn9yJKhDTNibayura+sVnYKm7v7O7t6weHbRHGHOEWCmnIux4UmJIAtySRFHcjjiHzKO54o+us3nnCXJAweJDjCDsMDgLiEwSlsly9ZgsyYLBsMyiHnp88p2d1W8TMTUjdSh+Tu/RGoYLzdL7H1UtmxZzKWAYrhxLI1XT1H7sfopjhQCIKhehZZiSdBHJJEMVp0Y4FjiAawQHuKQwgw8JJpvelxqly+oYfcvUCaUzd+YkEMiHGzFOd2YpisZaZ/9V6sfSvnIQEUSxxgGYf+TE1ZGhkYRl9wjGSdKwAIk7UrgYaQg6RVJEWVQjW4snL0K5WrFqldn9RalTzOArgGJyAMrDAJWiAW9AELYDAC3gDH+BTe9XetS/te9a6ouUzR+CPtMkvHh6jnA==</latexit>

�(x) =

MX

i=1

G3
i (x)

Density query function
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Overall Pipeline

New initialization strategy by sampling points from FDK volume

2D image loss (rasterizer) + 3D regularization (voxelizer)

Adaptive control for point densification

(a) Training Pipeline

FDK Volume

Initialization

Operation Flow Gradient Flow

Scanner Dimension

L1
DSSIM

Real

X-ray Rasterizer

Tiny Volume Regularization

TV(                                    )

Radiative Gaussians

Adaptive Control

Density Voxelizer

Rendered

(c) Density Voxelizer (§4.2.2)

3D Tile VoxelRadiative Gaussians Density Volume

(d) Adaptive Control (§4.2.3)

(b) X-ray Rasterizer (§4.2.1)

Transformation

World Space

<latexit sha1_base64="P5hflZ0813oQ5RmMtPi14aK8uyc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvHisYD+gXUo2zbah2SQkWbEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5lqQltEcqm7ETaUM0FblllOu0pTnEScdqLJ7dzvPFJtmBQPdqpomOCRYDEj2Dqp08dKafk0KFf8qr8AWidBTiqQozkof/WHkqQJFZZwbEwv8JUNM6wtI5zOSv3UUIXJBI9oz1GBE2rCbHHuDF04ZYhiqV0Jixbq74kMJ8ZMk8h1JtiOzao3F//zeqmNb8KMCZVaKshyUZxyZCWa/46GTFNi+dQRTDRztyIyxhoT6xIquRCC1ZfXSbtWDerV+v1VpVHL4yjCGZzDJQRwDQ24gya0gMAEnuEV3jzlvXjv3seyteDlM6fwB97nD5Ikj7E=</latexit>⇡

Ray Space

<latexit sha1_base64="Z/0a0O61Ma0iEUa++nMMuqrhQ8o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd1dluvVPI4CnMIZXIAHV1CHW2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AEL9o2c</latexit>x2
<latexit sha1_base64="rPuivfj9UMRFavEWx0hmGshZtqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VPf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4uy/VqHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAI7o2a</latexit>x0

<latexit sha1_base64="9EHLTd2MuDXpXc7DTa0j6SmkeQI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpF262YTdjVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6f+p7/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrViler1O4uy/VqHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAKco2b</latexit>x1

<latexit sha1_base64="z4qhrpLzXb0AEvx2U/LKJT8QSp4=">AAAB63icbVBNS8NAEJ34WetX1aOXYBE8laRI9Vjw4rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/dmmJkXJoIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpXe53n5g2PFaPOEtYIMlY8YhTgrk04AqHlapX8xZw14lfkCoUaA0rX4NRTFPJFFJBjOn7XoJBRjRyKti8PEgNSwidkjHrW6qIZCbIFrfO3UurjNwo1rYUugv190RGpDEzGdpOSXBiVr1c/M/rpxjdBhlXSYpM0eWiKBUuxm7+uDvimlEUM0sI1dze6tIJ0YSijadsQ/BXX14nnXrNb9QaD9fVZr2IowTncAFX4MMNNOEeWtAGChN4hld4c6Tz4rw7H8vWDaeYOYM/cD5/ACFqjkQ=</latexit>Z
<latexit sha1_base64="Q4Ge730mROuknNW84JseDonCCJ0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepv7vUeqNIvlg5kl1Bd4LFnECDa5FD6NGqNqza27C6B14hWkBgXao+rXMIxJKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniMR1YKrGg2s8Wt87RhVVCFMXKljRoof6eyLDQeiYC2ymwmehVLxf/8wapiW78jMkkNVSS5aIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdgQvNWX10m3Ufea9eb9Va3VKOIowxmcwyV4cA0tuIM2dIDABJ7hFd4c4bw4787HsrXkFDOn8AfO5w/Jmo4K</latexit>

dx2
<latexit sha1_base64="O7SxXdgkCTci6jrXTwbH9jv1mSQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMV+wFtKJvtpl26yYbdiVJCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23jEo1402mpNKdgBouRcybKFDyTqI5jQLJ28H4Zua3H7k2QsUPOEm4H9FhLELBKFqp27sXwxFSrdVTv1R2K+4cZJV4OSlDjka/9NUbKJZGPEYmqTFdz03Qz6hGwSSfFnup4QllYzrkXUtjGnHjZ/OTp+TcKgMSKm0rRjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZiJMUecwWi8JUElRk9j8ZCM0ZyokllGlhbyVsRDVlaFMq2hC85ZdXSata8WqV2t1luV7N4yjAKZzBBXhwBXW4hQY0gYGCZ3iFNwedF+fd+Vi0rjn5zAn8gfP5A4/dkWg=</latexit>)

Projection Composition

<latexit sha1_base64="P3KK3V1zeYhCQ/g+F1uPmfnvzns=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5IUqR4LXjxWMG2hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btMctPXBwOO9GWbmhQln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXR2nilCfxDxW/RBrypmkvmGG036iKBYhp71wdrf0e09UaRbLRzNPaCDwRLKIEWys5A91Kuqjas1tuDnQJvEKUoMCnVH1aziOSSqoNIRjrQeem5ggw8owwumiMkw1TTCZ4QkdWCqxoDrI8mMX6MoqYxTFypY0KFd/T2RYaD0Xoe0U2Ez1urcU//MGqYlug4zJJDVUktWiKOXIxGj5ORozRYnhc0swUczeisgUK0yMzadiQ/DWX94k3WbDazVaD9e1drOIowwXcAl18OAG2nAPHfCBAINneIU3RzovzrvzsWotOcXMOfyB8/kDk+iOgA==</latexit>X
(

<latexit sha1_base64="14tv9X4u+kLnJq2/j9w9I8pZU3k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7AbJHoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWq52rgu1SpZHHk4g3O4BA9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW0/jKg=</latexit>

)

2D Gaussians
Rendered

<latexit sha1_base64="9O8nCkRTWkwE1CY3Z55DC/DUm9I="></latexit>

⇢i(2⇡|⌃̃i|/|⌃̂i|)1/2 = ⇢̂i

Clone

Split

Prune
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Experiments: Reconstruction Quality

SOTA reconstruction quality

Ground TruthOursSAX-NeRFNAFIntraTomoASD-POCSSARTFDK
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Experiments: Efficiency

Outperform baselines in 4 minutes (10k iteration)

≈ traditional methods

14× faster than NeRF-based methods

Optimal results in 15 minutes (30k iteration)

4× faster than NeRF-based methods

Engine (50-view)
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Ours
38.90 dB, 9 min

Ours w/o Init.
38.63 dB, 10 min

SAX-NeRF
36.90 dB, 793 min

NAF
37.12 dB, 32 min

IntraTomo
35.04 dB, 126 min

⋮⋮⋮⋮⋮
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Ablation: Integration Bias

Correcting integration bias benefits both X-ray rendering and
reconstruction.

Reconstructed SlicesRendered Projections (0°)

Ground TruthWithout biasWith biasGround TruthWithout biasWith bias
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Summary

First 3DGS-based method for tomographic reconstruction

SOTA quality and efficiency

Discovery of integration bias in 3DGS

R2-Gaussian: Rectifying Radiative Gaussian Splatting
for Tomographic Reconstruction

Ruyi Zha1 Tao Jun Lin1 Yuanhao Cai2,→ Jiwen Cao1

Yanhao Zhang3 Hongdong Li1

1The Australian National University 2Johns Hopkins University
3Robotics Institute, University of Technology Sydney

{ruyi.zha, taojun.lin, jiwen.cao, hongdong.li}@anu.edu.au
caiyuanhao1998@gmail.com yanhao.zhang@uts.edu.au

Abstract

3D Gaussian splatting (3DGS) has shown promising results in image rendering and
surface reconstruction. However, its potential in volumetric reconstruction tasks,
such as X-ray computed tomography, remains under-explored. This paper intro-
duces R2-Gaussian, the first 3DGS-based framework for sparse-view tomographic
reconstruction. By carefully deriving X-ray rasterization functions, we discover
a previously unknown integration bias in the standard 3DGS formulation, which
hampers accurate volume retrieval. To address this issue, we propose a novel recti-
fication technique via refactoring the projection from 3D to 2D Gaussians. Our new
method presents three key innovations: (1) introducing tailored Gaussian kernels,
(2) extending rasterization to X-ray imaging, and (3) developing a CUDA-based dif-
ferentiable voxelizer. Experiments on synthetic and real-world datasets demonstrate
that our method outperforms state-of-the-art approaches in accuracy and efficiency.
Crucially, it delivers high-quality results in 4 minutes, which is 12→ faster than
NeRF-based methods and on par with traditional algorithms. Code and models are
available on the project page https://github.com/Ruyi-Zha/r2_gaussian.

1 Introduction

Computed tomography (CT) is an essential imaging technique for noninvasively examining the
internal structure of objects. Most CT systems use X-rays as the imaging source thanks to their
ability to penetrate solid substances [20]. During a CT scan, an X-ray machine captures multi-angle
2D projections that measure ray attenuation through the material. As the core of CT, tomographic
reconstruction aims to recover the 3D density field of the object from its projections. This task is
challenging in two aspects. Firstly, the harmful X-ray radiation limits the acquisition of sufficient
and noise-free projections, making reconstruction a complex and ill-posed problem. Secondly,
time-sensitive applications like medical diagnosis require algorithms to deliver results promptly.

Existing tomography methods suffer from either suboptimal reconstruction quality or slow processing
speed. Traditional CT algorithms [13, 2, 55] deliver results in minutes but induce serious artifacts. Su-
pervised learning-based approaches [32, 33, 10, 35] achieve promising outcomes by learning semantic
priors but struggle with out-of-distribution objects. Recently, neural radiance fields (NeRF) [43] have
been applied to tomography and perform well in per-case reconstruction [67, 66, 48, 6, 54]. However,
they are very time-consuming (> 30 minutes) because a huge amount of points have to be sampled
for volume rendering.

→Yuanhao Cai is the corresponding author.

38th Conference on Neural Information Processing Systems (NeurIPS 2024).
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