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Problem Setting

Convex optimization with strongly convex function constraints:
min
x∈Rn

f(x)

s.t. G(x) ≤ 0
(1)

f is a proper and convex continuous (possibly non-smooth) function
of which the prox-mapping is easy to compute
G = [g1, . . . , gm]⊤ : Rn → Rm; gi is Lipschitz smooth
gi is strongly-convex function with modulus µi.
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Related Work and Existing Problem

Complexities of First-order Methods:
O(1/ε) if f(x) is generally-convex, regardless the strong convexity of
constraint functions
O(1/

√
ε) if the problem is strongly-convex-concave (Lin et al. (2020))

Existing Problem:
Best O(1/

√
ε) can be achieved if we assume ⟨y, G(x)⟩ has a uniform

convexity modulus for any feasible y (Juditsky et al. (2011);
Hamedani and Aybat (2021)).

Our contribution:
A procedure to estimate the lower bound of strong convexity of
Lagrangian function.
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Core Assumption and Examples
Assumption 1 (Nontrivial Solution (Informal))

1 ∀x∗0 ∈ argminx f(x), we have gi(x∗0) > 0
2 dist(∂f(x∗), 0) ≥ r > 0

Sparse Learning

min f(x) :=
B∑

i=1
pi∥x(i)∥

s.t. x = x(1) × . . .× x(B),

x(i) ∈ Rni , 1 ≤ i ≤ B

G(x) ≤ 0.

=⇒ r = min
1≤i≤B

{pi}

Linear Objective function

f(x) = cT x=⇒ r = ∥c∥
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How to estimate strong convexity
Key intuition: Apply the subdifferential separation property to bound the
dual variables.

Using the KKT condition
0 ∈ ∂f(x∗) +∇G(x∗)y∗.

It follows from dist(∂f(x∗), 0) ≥ r > 0 that
r ≤ ∥∇G(x∗)y∗∥ ≤ ∥∇G(x∗)∥ · ∥y∗∥ ≤ ∥y∗∥1∥∇G(x∗)∥,

∥∇G(x∗)∥ − ∥∇G(x)∥ ≤ ∥∇G(x∗)−∇G(x)∥ ≤ LX∥x− x∗∥
1 1

2∥x̂− x∗∥2 ≤ β

∥y∗∥1 ≥ h1(x̂, β) := r
[
∥∇G(x̂)∥ + LX

√
2β

]−1
. (2)

2
∥y∥1µ

2 ∥x̂− x∗∥2 ≤ (y∗)T µ
2 ∥x̂− x∗∥2 ≤ β:

∥y∗∥1 ≥ h2(x̂, β) :=
[

LX

r

√
β

2µ
+

√
L2

Xβ

2µr2 + ∥∇G(x̂)∥
r

]−2
. (3)
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Accelerated Primal-Dual Algorithm (APD) 1

min
x∈X

max
y∈Y

f(x) + ⟨G(x), y⟩ (4)

If the strongly convex modulus ρ is known, then we
1 zk ← (1 + σk−1/σk)G(xk)− (σk−1/σk)G(xk−1)
2 yk+1 ← projY{yk + σkzk}
3 xk+1 ← argminx∈X {f(x) + ⟨∇G(xk)yk+1, x⟩+ 1

2τk
∥x− xk−1∥2}

4 τk+1 ← τk/
√

1 + ρτk, σk+1 ← τ0σ0/τk+1

1Erfan Yazdandoost Hamedani and Necdet Serhat Aybat. A primal-dual algorithm
with line search for general convex-concave saddle point problems. SIAM Journal on
Optimization, 2021
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Algorithm 1 APD with Progressive Strong Convexity Estimation (APDPro)
Require: τ0 > 0, σ0 > 0, x0 ∈ X , y0 ∈ y, ρ0 > 0, N > 0
1: Initialize: (x−1, y−1)← (x0, y0) , x̄0 ← x0, σ−1 ← σ0, γ0 ← σ0/τ0, T0 = 0
2: Set ∆XY = 1

2τ0
D2

X + 1
2σ0

D2
Y

3: for k = 0, 1, . . . , N do
4: Yk ←

{
y ∈ Rm

+ | ∥y∥1 · µ ≥ ρk

} ⋂
Y

5: zk ← (1 + σk−1/σk)G(xk)− (σk−1/σk)G(xk−1)
6: yk+1 ← argminy∈Yk

−⟨y, zk⟩+ 1
2σk
∥y− yk∥2

7: xk+1 ← argminx∈X f(x) + ⟨∇G(xk)yk+1, x⟩+ 1
2τk
∥x− xk−1∥2

8: tk ← σk/σ0, x̄k+1 ← (Tkx̄k + tkxk+1)/(Tk + tk), Tk+1 ← Tk + tk

9: ρk+1 ← Improve(xk, x̄k, σ0τk−1∆XY

σk−1
, ∆XY

Tk
, ρk)

10: τk+1 ← τk/
√

1 + ρk+1τk+1, σk+1 ← τ0σ0/τk+1
11: end for
12: Output: xN+1, yN+1, (ρN+1 for restart)
13: procedure Improve(x, x̄, β, β̄, ρold)

14: ρ̂ = µ · max
{

r
[

∥∇G(x)∥ + LX

√
2β

]−1
,
[

LX
r

√
β̄

2µ
+

√
L2

X
β̄

2µr2 + ∥∇G(x̄)∥
r

]−2
}

15: Set ρnew = max{ρold, ρ̂}
16: return ρnew
17: end procedure
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Convergence Analysis for APDPro

Suppose that
τ−1

0 ≥ LXY + L2
Gσ0, (5)

then we have
f(x̄K)− f(x∗) ≤ 6

6 + τ0ρ̃K(K + 1)K
( 1

2τ0
∥x0 − x∗∥2 + D2

Y

2σ0

)
∥[G(x̄K)]+∥ ≤

6
c∗

(
6 + τ0ρ̃K(K + 1)K

)( 1
2τ0
∥x0 − x∗∥2 + D2

Y

2σ0

)
1
2∥xK − x∗∥2 ≤ 3σ0

ρ̂2
Kτ2

0 K2 + 9σ0/τ0

( 1
2τ0
∥x∗ − x0∥2 + 1

2σ0
∥y∗ − y0∥2

)
,

where

ρ̂1 = 3
√

ρ1/τ0, ρ̂k+1 =

√
ρ̂2

kk2 + (3ρk+1ρ̂k)k
k + 1 , ρ̃k = 2

k∑
s=0

ρ̂ss

k(k + 1) (6)
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Q & A

Thank you
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