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Causal Representation Learning (CRL)

latent representation transformation observed data inference
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use data X to find:

e /: latent random variables

e Gz: latent causal graph
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e ldentifiability: Uniquely recovering Z and G

e Design provably correct algorithms



Interventional CRL

observational hard (perfect) soft (imperfect) multi-node soft
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« Single-node: Perfect identifiability via hard [1-5], Identifiability up to ancestors via soft [1,3,4,6]
« Missing counterparts for stochastic multi-node interv. (prelim. work on different settings [7,8,9])

This paper: unknown multi-node soft/hard interv. on general SCMs + linear transform

achieve same guarantees as single-node interventions!




Problem Setup
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yd
o Latent Z =1|Zy,...,7Z,] and observed X = [X1,..., X{] 2 =
o Linear transformation X = G - Z, where G € R%x" Z)
e Multi-node interventional environments: ______ ©-8 Im:{z’g}
env. £ with targets I : H Qi zzlzpa(@) H Pi Zz’Zpa(z)
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Goal: Same identifiability guarantees for unknown multi-node interventions



Score-based Methodology

Key ideas of score-based CRL (our earlier work [1,2])
o Score functions: s(z) = V,logp(z) and sx(x) = V. logpx(x)
« Observed to latent scores: s(z) = G' - sx(z)

o Sparse score differences: If I,,, = {i} yields s(z)—s™(z) = V, log %(zi‘zpa(i))
(nonzero only at indices 7 and pa(i))

e Aim to minimize score differences for Z

4 Challenges for multi-node interventions

e The intervention targets are fully unknown!

o Latent score differences are no more sparse (|I™|+|U;cm pa(i)| non-zeros)
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Multi-node Interventions

1. Find combinations of multi-node interventions to create sparser interventions
e Idea: if intervention targets are diverse, reduce to single-int. problem
o Example: Given I'' = {1}, 1 = {1,3},I° = {2,3} and I’ =0

e s2(2) —s'(z) gives I° = {3}, s%(2) — 5°(2) gives I? = {2}

2. How to do it with unknown intervention targets?

e Consider s%.st .....s%. Iteratively search for mixing vectors w € N7+1
X1°X> » O X y
(in a finite search space),

dim(image(Zwi : sfx)) =1

1=0



Results

interventions, we have identifiability up to ancestors:

A

e Z;is a linear function of Z; U Z,;cestors(i)>

/" Theorem (soft): Using diverse, regular unknown multi-node soft N

. Gz is transitive closure of G J
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Theorem (hard): Using diverse, regular unknown multi-node hard
interventions and additive noise models, we have perfect identifiability:
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o 7Z;=c; X Z; for a constant scalar ¢;, and Gz = G4
Y
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- Sufficiently diverse interventions: Intervention matrix D is full rank where D;,, = I(i € I'").

- Intervention regularity: effect of a multi-node intervention is not the same on the scores associated with different nodes.
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Observed dimension: d=50

Latent Soft Soft Hard
dim. SHD MCC MCC 4-

Experiments

Linear Gaussian SEMs with Erdés—Rényi random graphs (100 runs)

Scores: sx(x) = —O -z, estimate precision matrix © with 10° samples

Structural Hamming distance (SHD) for latent graph (ideally 0)

Mean correlation coefficient (MCC) for latent variables (ideally 1)
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Sensitivity analysis for quadratic causal models
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