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Causal Representation Learning (CRL)

<latexit sha1_base64="x4POlxkUjz9TkQ8QDCEODZODRIM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MrsZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I9xJFjICDZWeqhG1UG54tbcOdAq8XJSgRzNQfmrP5QkjakwhGOte56bGD/DyjDC6bTUTzVNMBnjiPYsFTim2s/mp07RmVWGKJTKljBorv6eyHCs9SQObGeMzUgvezPxP6+XmvDaz5hIUkMFWSwKU46MRLO/0ZApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETuEcPLiCBtxBE1pAIIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDhr2NTw==</latexit>g<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="G8/pR9sI0eZgbOJNGBTvgoYNAhY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs2HI3E</latexit>

Zi

<latexit sha1_base64="XzykGxFxVDn5LGLipGKDe8cWFFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfRkr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs9sI3J</latexit>

Zn

<latexit sha1_base64="c3JsndHsAkHJBa5PbBl/REI1p04=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHhMwDwwWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80jem3GMfkgHkvc5o8ZKtYduseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD7rNjOQ=</latexit>

Z

latent representation transformation observed data
<latexit sha1_base64="reIecQ7RB5lyxkAE0JRlbvGu7+w=">AAAB8XicbVC7SgNBFL0bXzG+Ei1tBoNgFXYFH5UELLSMYB4kWcLsZDYZMjuzzMwKYckPWFjZWChi69/Y2fsF/oBOHoVGD1w4nHMv994TxJxp47rvTmZhcWl5JbuaW1vf2NzKF7ZrWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO68HgfOzXb6jSTIprM4ypH+GeYCEj2FipmbYJ5uhi1Gl28kW35E6A/hJvRorlwtfnx92tqnTyb+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy1KBI6r9dHLxCO1bpYtCqWwJgybqz4kUR1oPo8B2Rtj09bw3Fv/zWokJT/2UiTgxVJDpojDhyEg0fh91maLE8KElmChmb0WkjxUmxoaUsyF48y//JbXDkndcOrqyaZzBFFnYhT04AA9OoAyXUIEqEBBwD4/w5GjnwXl2XqatGWc2swO/4Lx+A2FnlTQ=</latexit>

GZ
<latexit sha1_base64="GkEGLRVtZr4s7AU9CzhLU4WXprM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/sF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuJKs2kuDfjmPoRHggWMoKNlZrtq0H54bRXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVSvTsv1a6zOPJwBMdQBg8uoAa3UIcGEHiEZ3iFN0c6L8678zFvzTnZzCH8gfP5A3JHjmg=</latexit>

X = g(Z)
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<latexit sha1_base64="mYSwkhV4XO0qh3Vz4oenJ3dof9A=">AAAB+HicbVDJSgNBEO2JW4xLJnr00hgET2FGcDlJwIMeI5gFM8NQ0+lJmvQsdPcIccgPePAHvHhQxKuf4s27X+APaGc5aOKDgsd7VVTV8xPOpLKsDyO3sLi0vJJfLaytb2wWzdJWQ8apILROYh6Llg+SchbRumKK01YiKIQ+p02/fzbymzdUSBZHV2qQUDeEbsQCRkBpyTOLTg8UzhwCHJ8PvWvPLFsVaww8T+wpKVdL31+f93ei5pnvTicmaUgjRThI2batRLkZCMUIp8OCk0qaAOlDl7Y1jSCk0s3Ghw/xnlY6OIiFrkjhsfp7IoNQykHo684QVE/OeiPxP6+dquDEzViUpIpGZLIoSDlWMR6lgDtMUKL4QBMggulbMemBAKJ0VgUdgj378jxpHFTso8rhpU7jFE2QRztoF+0jGx2jKrpANVRHBKXoAT2hZ+PWeDRejNdJa86YzmyjPzDefgBDtpdQ</latexit>

ĜZ

<latexit sha1_base64="O5SQToJZu42EaVMjONmd6rKZYnc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewKPk4S8OIxgnlgsoTZyWwyZnZnmekVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwupn6rSeujVDxPY4T7kd0EItQMIpWanaHFMlDr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6l1Uz+/cSu06j6MIR3AMp+DBJdTgFurQAAaP8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwAUTI7L</latexit>

Ẑ

inference

<latexit sha1_base64="n9Gl/nBZ0g0/ZUYNKhnFY3NhcSQ="></latexit>• Z: latent random variables

• GZ : latent causal graph

<latexit sha1_base64="/yPTMgnwPZHScucbQPxpbfQb9Tg=">AAACA3icdVDLSgMxFM3UV62vUXe6CbaCqzKd2ocupODGZQX7gHYomUymDc1khiQjlKHgxl9x40IRt/6EO//GTFtBRQ8EDufcy805bsSoVJb1YWSWlldW17LruY3Nre0dc3evLcNYYNLCIQtF10WSMMpJS1HFSDcSBAUuIx13fJn6nVsiJA35jZpExAnQkFOfYqS0NDAP+tKHsSTQQwrBQrcAVQh9yr1zODDzVvGsXrUrNrSKllWzy9WU2LVTuwxLWkmRBws0B+Z73wtxHBCuMENS9kpWpJwECUUxI9NcX9+JEB6jIelpylFApJPMMkzhsVY86IdCP67gTP2+kaBAykng6skAqZH87aXiX14vVn7dSSiPYkU4nh/yY5bmTAuBHhUEKzbRBGFB9V8hHiGBsNK15XQJX0nh/6RtF0vVYuXazjcuFnVkwSE4AiegBGqgAa5AE7QABnfgATyBZ+PeeDRejNf5aMZY7OyDHzDePgGPApYx</latexit>use data X to find:
<latexit sha1_base64="hzYxcIUZU0LdijRDNz3WFKcuiRc="></latexit>• Identifiability: Uniquely recovering Z and GZ

• Design provably correct algorithms



Interventional CRL

<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3
<latexit sha1_base64="PayLES7XFRLdsKk1Axgkkzc9gT8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCh71XL1rlKqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH5NeNjA==</latexit>

Z4

<latexit sha1_base64="YJzzTQsw2uQvWnOh3OQPaqsX05A=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhgoTdKNGTBLx4jGAeJFmW2clsMmT2wcxsIKz5Ey8eFPHqn3jzb5wke9DEgoaiqpvuLi/mTCrL+jZya+sbm1v57cLO7t7+gXl41JRRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Q381tjKiSLwkc1iakT4EHIfEaw0pJrmnGp416iJ9Rx7YuOWzl3zaJVtuZAq8TOSBEy1F3zq9ePSBLQUBGOpezaVqycFAvFCKfTQi+RNMZkhAe0q2mIAyqddH75FJ1ppY/8SOgKFZqrvydSHEg5CTzdGWA1lMveTPzP6ybKv3FSFsaJoiFZLPITjlSEZjGgPhOUKD7RBBPB9K2IDLHAROmwCjoEe/nlVdKslO1qufpwVazdZnHk4QROoQQ2XEMN7qEODSAwhmd4hTcjNV6Md+Nj0Zozsplj+APj8weozpG8</latexit>

p(Z3|Z1, Z2)
<latexit sha1_base64="FzWYSVmupdDDgMkP6xe3pT7fqwE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSvUkBS8eK9gPbJeSTbNtbDZZk6xQlv4HLx4U8er/8ea/MW33oNUHA4/3ZpiZF8ScaeO6X05uaXlldS2/XtjY3NreKe7uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0dXUbz1SpZkUt2YcUz/CA8FCRrCxUvOhfNc7Pe4VS27FnQH9JV5GSpCh3it+dvuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGSVPgqlsiUMmqk/J1IcaT2OAtsZYTPUi95U/M/rJCa88FMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvvyXNE8qXrVSvTkr1S6zOPJwAIdQBg/OoQbXUIcGELiHJ3iBV0c6z86b8z5vzTnZzD78gvPxDXv4jms=</latexit>

q(Z3)
<latexit sha1_base64="Xo/79SUwSmVQCzCBQFoVQeTkazQ=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSBEkLAbJXqSgBePEcyDJMsyO5lNhsw+nJkNhDV/4sWDIl79E2/+jZNkD5pY0FBUddPd5cWcSWVZ38bK6tr6xmZuK7+9s7u3bx4cNmSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG95O/eaICsmi8EGNY+oEuB8ynxGstOSa5mOx7V6gJ9R27fO2Wz5zzYJVsmZAy8TOSAEy1Fzzq9uLSBLQUBGOpezYVqycFAvFCKeTfDeRNMZkiPu0o2mIAyqddHb5BJ1qpYf8SOgKFZqpvydSHEg5DjzdGWA1kIveVPzP6yTKv3ZSFsaJoiGZL/ITjlSEpjGgHhOUKD7WBBPB9K2IDLDAROmw8joEe/HlZdIol+xKqXJ/WajeZHHk4BhOoAg2XEEV7qAGdSAwgmd4hTcjNV6Md+Nj3rpiZDNH8AfG5w+qYZG9</latexit>

q(Z3|Z1, Z2)

<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3
<latexit sha1_base64="PayLES7XFRLdsKk1Axgkkzc9gT8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCh71XL1rlKqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH5NeNjA==</latexit>

Z4

observational hard (perfect) soft (imperfect)

<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3
<latexit sha1_base64="PayLES7XFRLdsKk1Axgkkzc9gT8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCh71XL1rlKqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH5NeNjA==</latexit>

Z4

3

multi-node soft

<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3
<latexit sha1_base64="PayLES7XFRLdsKk1Axgkkzc9gT8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCh71XL1rlKqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH5NeNjA==</latexit>

Z4

<latexit sha1_base64="Vzso306l2yToSx45n/iu8VASh1E=">AAACE3icbVDLSgMxFM34rPU16tJNsChVpMzU+gBBCm5cVrAP2hmGTJq2oZmHSUYoY//Bjb/ixoUibt2482/MtLOorQfu5XDOvST3uCGjQhrGjzY3v7C4tJxZya6urW9s6lvbNRFEHJMqDljAGy4ShFGfVCWVjDRCTpDnMlJ3+9eJX38gXNDAv5ODkNge6vq0QzGSSnL0o/t80zmBj7DpmMdNp3gIrUtoHSQ9cUoTjqPnjIIxApwlZkpyIEXF0b+tdoAjj/gSMyREyzRCaceIS4oZGWatSJAQ4T7qkpaiPvKIsOPRTUO4r5Q27ARclS/hSJ3ciJEnxMBz1aSHZE9Me4n4n9eKZOfCjqkfRpL4ePxQJ2JQBjAJCLYpJ1iygSIIc6r+CnEPcYSlijGrQjCnT54ltWLBPCuc3pZy5as0jgzYBXsgD0xwDsrgBlRAFWDwBF7AG3jXnrVX7UP7HI/OaenODvgD7esXOjaZXA==</latexit>

q(Z3|Z1, Z2) & q(Z4|Z1, Z2)

• Single-node: Perfect identifiability via hard [1-5], Identifiability up to ancestors via soft [1,3,4,6]
• Missing counterparts for stochastic multi-node interv. (prelim. work on different settings [7,8,9])

This paper: unknown multi-node soft/hard interv. on general SCMs + linear transform

achieve same guarantees as single-node interventions!



Problem Setup
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<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3

<latexit sha1_base64="AeyVjP144iBUf0fXuQwvkMJFps8="></latexit>

• Latent Z = [Z1, . . . , Zn] and observed X = [X1, . . . , Xd]

• Linear transformation X = G · Z, where G 2 Rd⇥n

• Multi-node interventional environments:

env. Em with targets Im : pm(z) =
Y

i2Im

qi(zi|zpa(i))
Y

i/2Im

pi(zi|zpa(i))

<latexit sha1_base64="iG5hOvv7vicdYkcpmRh+dfXYLAk=">AAAB+3icbVDLSsNAFJ3UV62vWJduBlvBhYSkonYjFNzoroJ9QBPLZDpph84kYWYilpBfceNCEbf+iDv/xmmbhbYeuHA4517uvcePGZXKtr+Nwsrq2vpGcbO0tb2zu2ful9sySgQmLRyxSHR9JAmjIWkpqhjpxoIg7jPS8cfXU7/zSISkUXivJjHxOBqGNKAYKS31zTKxhhas3j7wKzetnZ65WbVvVmzLngEuEycnFZCj2Te/3EGEE05ChRmSsufYsfJSJBTFjGQlN5EkRniMhqSnaYg4kV46uz2Dx1oZwCASukIFZ+rviRRxKSfc150cqZFc9Kbif14vUUHdS2kYJ4qEeL4oSBhUEZwGAQdUEKzYRBOEBdW3QjxCAmGl4yrpEJzFl5dJu2Y5F9b5Xa3SqOdxFMEhOAInwAGXoAFuQBO0AAZP4Bm8gjcjM16Md+Nj3low8pkD8AfG5w8PRpJ/</latexit>

e.g. Im = {2, 3}

<latexit sha1_base64="rNGLla4CJml5+WbsvrTc4xnVnV4="></latexit>Goal: Same identifiability guarantees for unknown multi-node interventions



Score-based Methodology
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<latexit sha1_base64="oewYQMVgFpmVpTAeQCOEC3DnJ1g="></latexit>Challenges for multi-node interventions

• The intervention targets are fully unknown!

• Latent score differences are no more sparse (|Im|+|[i2Im pa(i)| non-zeros)

<latexit sha1_base64="IhhLjAwUZq0JLCXiOvtzx+4E/pw="></latexit>

Key ideas of score-based CRL (our earlier work [1,2])

• Score functions: s(z) = rz log p(z) and sX(x) = rx log pX(x)

• Observed to latent scores: s(z) = G> · sX(x)

• Sparse score differences: If Im = {i} yields s(z)�sm(z) = rz log
pi

qi
(zi|zpa(i))

(nonzero only at indices i and pa(i))

• Aim to minimize score differences for Ẑ



Multi-node Interventions

6

1. Find combinations of multi-node interventions to create sparser interventions

2. How to do it with unknown intervention targets?

<latexit sha1_base64="nUaXUJVJcnN2/nCm9VGAfcnETbI="></latexit>• Idea: if intervention targets are diverse, reduce to single-int. problem

• Example: Given I1 = {1}, I2 = {1, 3}, I3 = {2, 3} and I0 = ;

• s2(z)� s1(z) gives Ĩ3 = {3}, s3(z)� s̃3(z) gives Ĩ2 = {2}

<latexit sha1_base64="H4PUlDRJh+MZzbe/E9ZcVqpndDM="></latexit>

• Consider s0X , s1X , . . . , snX . Iteratively search for mixing vectors w 2 Nn+1

(in a finite search space),

dim
⇣
image

� nX

i=0

wi · siX
�⌘

= 1



Results
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- Sufficiently diverse interventions: Intervention matrix 𝐷 is full rank where 𝐷!,# = 𝕀(𝑖 ∈ 𝐼#).

- Intervention regularity: effect of a multi-node intervention is not the same on the scores associated with different nodes.

<latexit sha1_base64="5I+pvZ66TjO4CemHM9K43Ctb9lM="></latexit>

Theorem (soft): Using diverse, regular unknown multi-node soft
interventions, we have identifiability up to ancestors:

• Ẑi is a linear function of Zi [ Zancestors(i),

• ĜZ is transitive closure of GZ

Theorem (hard): Using diverse, regular unknown multi-node hard
interventions and additive noise models, we have perfect identifiability:

• Ẑi = ci ⇥ Zi for a constant scalar ci, and ĜZ = GZ



Experiments
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Latent 
dim.

Soft 
SHD

Soft 
MCC

Hard 
SHD

Hard 
MCC

4 0.77 0.96 0.66 0.98

5 1.93 0.93 1.80 0.98

6 3.39 0.92 3.05 0.95

7 4.62 0.91 6.12 0.91

8 8.26 0.90 9.01 0.88

Observed dimension: d=50 Sensitivity analysis for quadratic causal models

<latexit sha1_base64="Qtq2yxFp4/YHE8pKDrveFQzEu9Y="></latexit>

• Linear Gaussian SEMs with Erdős–Rényi random graphs (100 runs)

• Scores: sX(x) = �⇥ · x, estimate precision matrix ⇥ with 105 samples

• Structural Hamming distance (SHD) for latent graph (ideally 0)

• Mean correlation coefficient (MCC) for latent variables (ideally 1)
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