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Examples of characterization problems:
Q: Which graphs are planar? 
 A: Planar        no 𝐾!, 𝐾"," minors

Q: Which graphs have perfect matchings?
    A: 𝐺 has a perfect matching
        for every subset of vertices 𝑆, 𝐺	\	𝑆	has at 
        most |𝑆|	odd components
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• Create dataset: Generated all TSO weaving patterns for 𝑛 = 9 (48,896 
10	×	9	{0,1}	arrays) and the same number of non-TSO weaving patterns. 

• Train model: Trained a CNN with two convolutional layers; 99% test accuracy 

• Calculate feature attribution representations: Applied Shapley to 16,000 
weaving patterns from the test set.

• Find prototype feature attributions through clustering: Clustered Shapley 
outputs using 𝑘-means and calculated centroids for each cluster.

• Mathematician analysis of prototypes

Case Study: Two-Sided Ordered Words

Feature Attribution Clustering for 
Exploration (FACE) is a method to help 
mathematicians characterize sets of 
mathematical objects via prototypical 
feature attribution maps.

Algebraic combinatorics Weaving patterns
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Figure 1: A wiring diagram for the reduced word 4321 · 234 · 32 · 3 (left) and the associated weaving
pattern (right).
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Figure 1: A wiring diagram for the reduced word 4321 · 234 · 32 · 3 (left) and the associated weaving
pattern (right).
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Any permutation can be written as a product of adjacent 
transpositions, called a reduced word.

Q: Which {0,1} matrices are weaving patterns? 

Some families of reduced words have weaving 
patterns with nice characterizations.
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Every reduced word that differs by a commutation relation has 
the same weaving pattern, e.g. 𝑠!s"s#s!s"s! ∼ 𝑠!𝑠"𝑠!𝑠#𝑠"𝑠!
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Central character: the symmetric group 𝑆$

Image credits: First row: “Young’s lattice” by David Eppstein, public domain; “Plane partition” by Jang Soo Kim
Second row: “Schur functions rectangular example” by Z. Daugherty, licensed under CC BY-SA 3.0; 
”Symmetric group 4; permutohedron 3D” by T. Piesk, licensed under CC BY-SA 4.0

7.2 Example of TSO algorithm414

Example 1. We wish to construct the TSO word corresponding to the weaving pattern:415

7 1 1 1 1 1 1
6 0 1 1 1 1 1
5 0 1 1 0 1 1
4 0 1 1 0 0 1
3 0 1 1 0 0 0
2 1 0 0 0 0 0
1 0 0 0 0 0 0

We end step i with a list of all possible subwords of length i and the associated required patterns.416

Step 1: The list of possible (subwords, required patterns) is (w#
6 , (0, rows 1-6)) and (w"

6 , (1, rows417

2-7)).418

Step 2 (a): First we consider the possible subword w#
6 and its required pattern (0, rows 1-6). Assuming419

this subword, is w5 increasing or decreasing, and does it appear to the right or to the left of w6? If w5420

is decreasing it corresponds to the 5 consecutive 1’s in row 6 (see Figure 6, left). But since row 5421

does not have two consecutive 0’s (highlighted in red), this is not possible.422

If instead w5 is increasing this corresponds to five of the 0’s in row 1. Because w#
6w

"
5 would require423

the pattern 01 in rows 2-6 and w"
5w

#
6 would require the pattern 10 in rows 2-6, this is not possible424

(see Figure 6, center). So there are not any possible subwords of length 2 where w6 is decreasing.425
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Figure 6: Illustration of the different cases in Step 2

(b) Next we consider the subword w"
6 and its required pattern (1, rows 2-7)). Since row 2 has five426

consecutive 0’s and rows 3-7 have two consecutive 1’s, it is possible for w5 to be increasing. Since427

the 1 in row 2 is in the leftmost position, w"
5 must appear to the right of w"

6 (see Figure 6, right). So428

at the end of step 2 our list will include (w"
6w

"
5 , [(1, rows 2-7), (11, rows 3-7)]). If w5 is decreasing,429

either the pattern 10 must appear in rows 2-6 or the pattern 01 must appear in rows 2-6. Since we saw430

in (a) that neither of these patterns appears in all of these rows, this is not possible. So at the end of431

this step, our list of possible (subwords, required patterns) is (w"
6w

"
5 , [(1, rows 2-7), (11, rows 3-7) ] ).432

Step 3: Starting with the subword w"
6w

"
5 and the required patterns [(1, rows 2-7), (11, rows 3-7)]),433

we see that w4 cannot be increasing because there are not four consecutive 0’s in row 3. If w4 is434

decreasing, this will correspond to 4 of the 1’s in row 7, and either the pattern 011 or the pattern 110435

is required in rows 3-6. As shown in Figure 7 (left), 011 is a pattern in all of these rows but 110 is not436

a pattern in row 6, our list of possible subwords of length 3 and corresponding required patterns is437
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Figure 7: Illustration of the cases in steps 3 and 4.

Step 4: Beginning with the subword w#
4w

"
6w

"
5 and the required patterns [(1, rows 2-7), (11, rows 3-7),439

(011, rows 3-6)], if w3 is decreasing it corresponds to 3 of the consecutive 1’s in row 6 and we must440
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Example of application of algorithm to determine whether weaving pattern is TSO
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Figure 1: A wiring diagram for the reduced word 4321 · 234 · 32 · 3 (left) and the associated weaving
pattern (right).
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Examples of weaving patterns of ordered words
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Figure 1: A wiring diagram for the reduced word 4321 · 234 · 32 · 3 (left) and the associated weaving
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{0, 1} matrix that is 
not a weaving pattern
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example #20:
[4, 3, 5, 4, 3, 6, 5, 4, 3, 2, 9, 8, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 3, 4, 5, 6, 7, 8, 9, 8, 7, 
6, 5, 4, 3, 5, 6, 7, 8, 7]
TSO and predicted TSO

example #21:
[4, 3, 5, 4, 5, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 4, 5, 4, 6, 5, 7, 6, 
8, 7, 9, 8, 7, 6, 5, 4, 5]
TSO and predicted TSO
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example #18:
[3, 4, 7, 6, 5, 4, 3, 2, 8, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 1, 3, 4, 5, 6, 7, 8, 9, 8, 7, 6, 5, 
4, 5, 6, 7, 8, 7, 6, 5, 6]
TSO and predicted TSO

example #19:
[6, 5, 4, 3, 4, 5, 6, 9, 8, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 9, 8, 7, 6, 5, 4, 3, 4, 5, 4, 6, 5, 
7, 6, 5, 8, 7, 6, 5, 9, 8]
TSO and predicted TSO
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example #8:
[5, 6, 5, 4, 3, 5, 4, 7, 6, 5, 4, 8, 7, 6, 5, 4, 3, 2, 1, 2, 4, 3, 4, 5, 7, 6, 8, 7, 6, 8, 9, 8, 7, 6, 5, 4, 
3, 2, 1, 3, 4, 5, 6, 7, 8]
nonTSO and predicted nonTSO

example #9:
[2, 1, 8, 7, 6, 5, 4, 3, 2, 1, 4, 5, 6, 7, 8, 9, 8, 7, 6, 5, 4, 3, 2, 1, 5, 4, 5, 6, 5, 4, 3, 4, 5, 7, 6, 5, 
4, 3, 8, 7, 6, 5, 4, 3, 9]
nonTSO and predicted nonTSO
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example #14:
[2, 3, 4, 5, 6, 9, 8, 7, 6, 5, 4, 3, 2, 1, 2, 3, 4, 5, 6, 8, 9, 8, 7, 6, 5, 4, 3, 2, 3, 4, 5, 6, 8, 7, 6, 5, 
4, 3, 5, 4, 5, 6, 5, 4, 9]
nonTSO and predicted nonTSO

example #15:
[7, 6, 8, 7, 6, 5, 4, 3, 2, 1, 6, 5, 4, 3, 2, 3, 4, 5, 6, 7, 6, 5, 4, 6, 5, 6, 8, 7, 6, 5, 4, 9, 8, 7, 6, 5, 
4, 3, 2, 1, 4, 5, 6, 7, 8]
nonTSO and predicted nonTSO
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104 examples in this cluster
27 hard examples in this cluster

example #0:
True
[4, 5, 6, 5, 7, 6, 5, 4, 3, 2, 9, 8, 7, 6, 5, 4, 3, 2, 1, 6, 7, 9, 8, 7, 6, 5, 4, 3, 2, 3, 6, 5, 4, 5, 7, 6, 
5, 7, 8, 7, 6, 9, 8, 7, 8]
nonTSO and predicted nonTSO

        print("!! TSO and predicted non TSO")
    elif L[i] == 0 and predicted ==1:
        print("!! nonTSO and predicted TSO")
    norm = transforms.Normalize((0.5,), (1,))
    
    svs = ShapleyValueSampling(net1)
    #target is the target class
    fig, axs = plt.subplots(1, 2, figsize = (10,4))
    for j in range(len(B)):
       # print(j)
        attr = svs.attribute(D[i].unsqueeze(0).unsqueeze(1), target=predicted, n_samples=25, baselines = B[j]

        sns.heatmap(attr.squeeze().squeeze().detach().numpy(),cmap = "coolwarm", center = 0, vmin=-3, vmax=3,
    axs[0].set_title(f"baseline is all zeros (except top row)")
    axs[1].set_title(f"baseline is all ones (except bottom row)")
      #  cbar = fig.colorbar(cax,)
    plt.show()

11/9/23, 4:30 PM tso_Sep19N=9

127.0.0.1:14555/nbconvert/html/workspace/helen/TSOnotebooks/tso_Sep19N%3D9.ipynb?download=false 223/878

example #1:
True
[7, 8, 7, 6, 5, 4, 3, 2, 1, 4, 3, 2, 5, 4, 3, 6, 5, 4, 5, 9, 8, 7, 6, 5, 4, 3, 2, 1, 8, 7, 6, 5, 4, 3, 9, 8, 
7, 6, 5, 4, 6, 5, 6, 9, 8]
nonTSO and predicted nonTSO

example #2:
True
[5, 4, 3, 2, 1, 5, 4, 3, 2, 6, 5, 4, 3, 2, 1, 6, 9, 8, 7, 6, 5, 4, 3, 2, 1, 5, 6, 5, 7, 6, 9, 8, 7, 6, 5, 4, 
3, 2, 9, 8, 7, 6, 5, 4, 3]
nonTSO and predicted nonTSO
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example #1:
True
[7, 8, 7, 6, 5, 4, 3, 2, 1, 4, 3, 2, 5, 4, 3, 6, 5, 4, 5, 9, 8, 7, 6, 5, 4, 3, 2, 1, 8, 7, 6, 5, 4, 3, 9, 8, 
7, 6, 5, 4, 6, 5, 6, 9, 8]
nonTSO and predicted nonTSO

example #2:
True
[5, 4, 3, 2, 1, 5, 4, 3, 2, 6, 5, 4, 3, 2, 1, 6, 9, 8, 7, 6, 5, 4, 3, 2, 1, 5, 6, 5, 7, 6, 9, 8, 7, 6, 5, 4, 
3, 2, 9, 8, 7, 6, 5, 4, 3]
nonTSO and predicted nonTSO
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example #4:
[4, 3, 7, 6, 5, 4, 3, 2, 8, 7, 6, 5, 4, 3, 2, 9, 8, 7, 6, 5, 4, 3, 2, 1, 2, 3, 4, 5, 6, 7, 8, 9, 8, 7, 6, 5, 
4, 8, 7, 6, 5, 6, 7, 8, 7]
TSO and predicted TSO

example #5:
[3, 2, 1, 3, 2, 4, 3, 4, 5, 6, 9, 8, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 9, 8, 7, 6, 5, 4, 3, 8, 7, 
6, 5, 4, 8, 7, 6, 5, 7, 6]
TSO and predicted TSO
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example #6:
[4, 3, 5, 4, 3, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 4, 5, 6, 7, 8, 9, 8, 
7, 6, 5, 4, 5, 6, 7, 8, 7]
TSO and predicted TSO

example #7:
[5, 4, 3, 6, 5, 4, 3, 2, 9, 8, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 3, 4, 5, 6, 7, 8, 9, 8, 7, 6, 5, 
4, 3, 5, 6, 7, 8, 7, 6, 7]
TSO and predicted TSO
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example #8:
[4, 3, 5, 4, 3, 6, 5, 4, 3, 7, 6, 5, 4, 3, 2, 8, 7, 6, 5, 4, 3, 2, 1, 9, 8, 7, 6, 5, 4, 3, 2, 1, 3, 4, 5, 4, 
6, 5, 7, 6, 8, 7, 9, 8, 7]
TSO and predicted TSO

example #9:
[4, 3, 4, 5, 4, 3, 2, 8, 7, 6, 5, 4, 3, 2, 9, 8, 7, 6, 5, 4, 3, 2, 1, 2, 3, 4, 5, 6, 7, 8, 9, 8, 7, 6, 5, 4, 
3, 8, 7, 6, 5, 4, 6, 7, 8]
TSO and predicted TSO
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The FACE methodology
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Image credits: “Graph K5” and “Graph K3,3” by Life of Riley, licensed under CC BY-SA 3.0;  ”Perfect matching” licensed under CC BY-SA 4.0; “Neural network explain” by TseKiChun licensed under CC BY-SA 4.0
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