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Understanding implicit bias of 
gradient descent.
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Goal: Find a maximal set of ‘independent’ conserved functions

Definition of independence:  linearly independent (∇hi(θ))i ∀θ

(h1, …, hK) conserved  ⇒ Φ(h1, …, hK) conserved

3

h(θ) = u2 − v2 = u2
0 − v2

0

A conserved function:

{θ : h(θ) = h(θ0)}

θ0 = (u0, v0)

θ∞



Problem abstraction

Definition: W(θ) := Span {∇ℰX,Y(θ) : X, Y}

·θ(t) = w(θ(t))  with vector field w( ⋅ ), w(θ) ∈ W(θ)

= ∑i 1⟨vi,x⟩≥0 (uiv⊤
i ) x
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W(θ) = ∂φ(θ)⊤ Span{∂f(φ(θ), x)⊤ ∇ℓ(g(θ, x), y) : X, Y}
⊆ Wφ(θ) := range (∂φ(θ)⊤)finite-dimensional

Chain rules

Proposition: 

From conserved function to conservation law

g(θ, x) = f(φ(θ), x)ℰX,Y(θ) :=
1
N

N

∑
i=1

ℓ (g(θ, xi), yi) W(θ) := Span {∇ℰX,Y(θ) : X, Y}
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Example: 1D example

uvx = y
h(θ) = u2 − v2 = u2

0 − v2
0

g(θ, x) = uvx

∇h(θ) = ( 2u
−2v) ⊥ (v

u) = ∂φ(θ)⊤

φ(u, v) = uv

θ = (u, v)



We can build some conservation laws
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For a polynomial , restricting to polynomials : finite dimensional linear kernelφ h

👩💻  ALGO<1>  returns all polynomial independent conservation laws

 lower bound on number of all (polynomial or not) independent conservation laws→

hk,l(U, V ) = ⟨uk, ul⟩ − ⟨vk, vl⟩

Linear networks ReLu networks

hk(U, V ) = ∥uk∥2 − ∥vk∥2

σσ

 finds back all already known conserved functions [1, 2]:→

[1] Arora et al. On the optimization of deep networks: Implicit acceleration by over-parameterization, ICML, 2018 
[2] Du et al. Algorithmic regularization in learning deep homogeneous models: Layers are automatically balanced, Neurips, 2018
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Conservation laws using Lie algebra 

7

Definition: Lie brackets 
[w1, w2](θ) := ∂w1(θ)w2(θ) − ∂w2(θ)w1(θ)

·θ = w 2(θ
)

·θ = w
1 (θ)

=  if [w1, w2] = 0
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LieWφ, LieWφ(θ) LieWφ(θ) no other  
conservation 
laws

Definition: Lie brackets 
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Conclusion 

‣ Algorithm that builds polynomial conservation laws: lower bound 

‣ Number of independent laws characterized by a Lie algebra 

‣ Algorithm that computes this number

Follow the flow … and 

Follow @SibylleMarcotte :)

https://github.com/sibyllema/Conservation_laws
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