
Tree-based Diffusion Schrödinger Bridge
with Applications to Wasserstein Barycenters

Maxence Noble1 Valentin de Bortoli2 Arnaud Doucet3 Alain Durmus1

1Centre de Mathématiques Appliquées, Ecole Polytechnique
Institut Polytechnique de Paris, France

2Département d’Informatique, École Normale Supérieure
CNRS, Université PSL, Paris, France

3Department of Statistics, University of Oxford, UK

1 / 6



Entropic Optimal Transport (EOT)

Ingredients
I Probability distributions µ0, µ1

I Cost function c

I Entropic regularization (ε > 0)

Principle
I Find a plan π ∈ Π(µ0, µ1)

that minimizes

Eπ[c(X0,X1)]− εH(π)

When c is quadratic:

EOT (static) ⇐⇒ Schrödinger Bridge (SB) problem (dynamic)

Algorithm: Diffusion Schrödinger Bridge (DSB) (De Bortoli et al., 2021)
I Iterates: path measures.

I Sequence of projections.

I Based upon score-based methods
(Song et al., 2021).

I Scalable with dimension.
Figure 1: Iterations of DSB.
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Extension to the multi-marginal setting

Tree-based setting: encodes a probabilistic graphical model.

I Nodes → marginals.
• Leaves are fixed.

I Edges → dependence.

Figure 2: Trees from Solomon et al. (2015).

Case of interest: Wasserstein-2 barycenter (Agueh and Carlier, 2011)
=⇒ Quadratic cost c & Star-shaped tree

Several static methods

I In-sample (Cuturi and Doucet, 2014; Benamou et al., 2015)
I Out-of-sample (parametric) (Fan et al., 2020; Li et al., 2020)

Questions

I Multi-marginal SB ? (Haasler et al. (2021): discrete state-space)
I Dynamic methodology ?
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Our contribution: TreeDSB

I Correspondence with SB problem → Tree SB.
I Iterative DSB-like procedure → TreeDSB.

=⇒ Dynamically solve a tree-based formulation of EOT.

TreeDSB updates only occur on paths between the leaves.

Figure 3: Illustration of a TreeDSB cycle over a star-shaped tree with 3 leaves.

After convergence

I Fixed marginals are recovered.
I The central node is the barycenter (for star-shaped trees).

• Sampling: sample from a leaf and follow the edge.
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Numerical experiments on MNIST dataset

Figure 4: From left to right: estimated samples (upper) and estimated
regularized Wasserstein barycenter samples (bottom) for MNIST digits 2,4 and 6.

5 / 6



Conclusion

I Correspondence between multi-marginal EOT defined on general trees
and Schrödinger bridge problems.

I Algorithmic procedure to solve it: TreeDSB.

I Application to Wasserstein Barycenters.

I Convergence results & numerical experiments.
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Any questions ?
Send an e-mail to maxence.noble-bourillot@polytechnique.edu.
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