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Black-box optimization problem

I No explicit formulation of f .
I Gradient is not available.

I (perturbed) function values are
(generally) available.

GOAL
x∗ ∈ arg min

x∈X
f(x)
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Black-box Optimization

Bayesian Optimization

Evolutionary Strategies Direct Search

Finite-Differences
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Finite-difference methods

Gradient Descent Zeroth-order "Descent"
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Gradient Surrogate

g(x) :=
d

`

∑̀
i=1

f (x + hv(i))− f (x− hv(i))

2h
v(i).

I Directions.
I Number of directions.
I Discretization parameter.
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Random Directions Structured Directions
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Random vs Structured approximations

Random Directions
I Simple.
I Higher number of directions than

structured methods to achieve similar
gradient accuracy Berahas et al. (2022).

I Many applications e.g, Cai et al. (2021);
Salimans et al. (2017); Mania et al.
(2018)

Structured Directions
I Better exploration than random

methods.
I Analysis is very limited e.g, no
non-smooth analysis.

I Actually, few applications e.g,
Choromanski et al. (2018).

Goal: non-smooth analysis for structured finite-di�erence method.
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Non-smooth Setting

fh(x) := Eu∈Bd [f(x+ hu)]
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f(x) = |x|
fh(x) = p[f(x + hp)]
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Smoothing

Let
fh(x) := Eu[f(x+ hu)]

I fh is di�erentiable (Bertsekas, 1973).
I if f is L-Lipschitz continuous, fh is smooth!
I if f convex and L-Lipschitz,

(∀x ∈ Rd) f(x) ≤ fh(x) ≤ f(x) + Lh

I if f convex and L-smooth,

(∀x ∈ Rd) f(x) ≤ fh(x) ≤ f(x) +
Lh2

2
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Smoothing Lemma for Structured Surrogates

Define fh(x) := Eu∈Bd [f(x+ hu)]. Then, for every G ∈ O(d), define

g(x) :=
d

`

∑̀
i=1

f(x+ hGei)− f(x− hGei)
2h

Gei.

Then,
EG[g(x)] = ∇fh(x).
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Algorithm

For k = 1, · · · ,

sample Gkfrom O(d)

xk+1 = xk − γk
d

`

∑̀
i=1

f(xk + hkGkei)− f(xk − hkGkei)

2hk
Gkei
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Main Results

In convex Lipschitz non-smooth setting

E[f(x̄k)− f(x∗)] ≤
√
d

`

C√
k

+ o

(
1√
k

)
.

Complexity in function evaluations is O(dε−2)
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Main Results

In non-convex non-smooth Lipschitz setting

k∑
i=0

(γiE[‖∇fh(xi)‖2])(
k∑

i=0

γi

) ≤ C fh(x0)− f(x∗)

γ
√
k

+ o

(
1√
k

)

Complexity in function evaluations is O(d
√
dh−1ε−2)

10



Main Results

Convex Setting

E[f(x̄k)− f(x∗)] ≤ d

`

C

k
.

Complexity in function evaluations is O(dε−1).

Non-convex setting
let ∆ :=

(
1
2 −

L1d
` ᾱ

)
with αk ≤ ᾱ < `/(2dL)

k∑
i=0

(γiE[‖∇f(xi)‖2])(
k∑

i=0

γi

) ≤
[
f(x0)−min f

∆α
+
C1d

2h2

∆
+
C2αh

2d2

∆`

]
· 1

k

Complexity in function evaluations is O(dε−1) with h = O(1/d).

10



Numerical Experiments
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Conclusions

I Smoothing Lemma for structured surrogates.
I Analysis in non-smooth convex setting.
I Analysis in non-smooth non-convex setting.
I Analysis in smooth setting.
I Numerical experiments.
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Thank you for your Attention! :)
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Approximating the gradient

∇f(x) =

d∑
i=1

lim
h→0

f(x+ hei)− f(x)

h
ei.

Problem: we cannot compute the lim.
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Approximating the gradient

Fix an h > 0,

∇f(x)≈
d∑

i=1

f(x+ hei)− f(x)

h
ei.

Problem: it can be expensive to evaluate.
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Approximating the gradient

Fix an h > 0 and 0 < ` ≤ d,

∇f(x)≈
∑̀
i=1

f(x+ hei)− f(x)

h
ei.

Problem: some directions will be never explored.
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Approximating the gradient

x1

x 2
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Approximating the gradient

Fix an h > 0, 0 < ` ≤ d and let (p(i))`i=1 be random directions,

∇f(x)≈
∑̀
i=1

f(x+ hp(i))− f(x)

h
p(i).

Problem: no control on the directions.
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Approximating the gradient

x1

x 2

Bad directions

x1

x 2

Bad lengths

17



Approximating the gradient

Fix an h > 0, 0 < ` ≤ d and let (p(i))`i=1 be random orthogonal directions,

∇f(x)≈
∑̀
i=1

f(x+ hp(i))− f(x)

h
p(i) =: g(x).
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Approximating the gradient

x1

x 2
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Approximating the gradient

xk+1 = xk − γk
∑̀
i=1

f(x+ hkp
(i)
k )− f(x)

hk
p
(i)
k

17



Time-cost comparison
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Computational Cost of Orthogonal matrices
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