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Source: Analysis of data from FHWA's Mobility Monitoring Program

Daily and Monthly Trends in Congestion
San Antonio, Texas, 2000-2004

v Periodic nature is commonly observed in many real-world time series data.

v Periodic changes in the causal relations are expected underlying this type of time 
series without assuming stationarity.

Human Walking 
SS and DS phases duration, measured as percentage of complete 
cycle. 

Source: kalouguine,2020
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Figure1. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Stationary SCM
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<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>
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t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>
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3.{✏jt}t2[T ] are i.i.d.



v Stationary SCM:  

……

……

……

Figure1. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Stationary SCM
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3.{✏jt}t2[T ] are i.i.d.



v Semi-Stationary SCM:  

Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.
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<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
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<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>
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v Semi-Stationary SCM:  

Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
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<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>

2.Pa(Xj
t+N!) = {Xi

s+N! : Xi
s 2 Pa(Xj

t ), i 2 [n]}



v Semi-Stationary SCM:  

Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6

Causa
08/04/23            ‹#›

<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>

2.Pa(Xj
t+N!) = {Xi

s+N! : Xi
s 2 Pa(Xj

t ), i 2 [n]}



v Semi-Stationary SCM:  

Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6

Causa
08/04/23            ‹#›

<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>

2.Pa(Xj
t+N!) = {Xi

s+N! : Xi
s 2 Pa(Xj

t ), i 2 [n]}



v Semi-Stationary SCM:  

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6
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<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>

2.Pa(Xj
t+N!) = {Xi
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s 2 Pa(Xj

t ), i 2 [n]}

Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.



v Semi-Stationary SCM:  

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6
<latexit sha1_base64="Xnp/GgX8UKuOWlVttQ1/uWXf7gA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErceCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVev7i8r9cs8jiKcwCmcgwc1qMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALcCjMs=</latexit>
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Causa
08/04/23            ‹#›

<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>

2.Pa(Xj
t+N!) = {Xi
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Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.



v Semi-Stationary SCM:  

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6
<latexit sha1_base64="Xnp/GgX8UKuOWlVttQ1/uWXf7gA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErceCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVev7i8r9cs8jiKcwCmcgwc1qMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALcCjMs=</latexit>

7
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<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>
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Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.



v Semi-Stationary SCM:  

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6
<latexit sha1_base64="Xnp/GgX8UKuOWlVttQ1/uWXf7gA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErceCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVev7i8r9cs8jiKcwCmcgwc1qMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALcCjMs=</latexit>
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<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>
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Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.



v Semi-Stationary SCM:  

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6
<latexit sha1_base64="Xnp/GgX8UKuOWlVttQ1/uWXf7gA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErceCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVev7i8r9cs8jiKcwCmcgwc1qMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALcCjMs=</latexit>

7
<latexit sha1_base64="VL613jb+AQpGzjM4Tn00JSmF8Rk=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAbBU5gRl9wMePGYgFkgGUJPpyZp07PQ3SOEIU/gxYMi8ehb+BrefBt7khw08YeGj/+voqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWrdwtFO2SPRVZBmcOxZvPSab3arfw1elFLAkw1ExQpdqOHWs3pVJzJnCc7yQKY8qGtI9tgyENULnpdNAxOTVOj/iRNC/UZOr+7khpoNQo8ExlQPVALWaZ+V/WTrRfdlMexonGkM0+8hNBdESyrUmPS2RajAxQJrmZlbABlZRpc5u8OYKzuPIyNM5LzlXpsmYXKxcwUw6O4QTOwIFrqMAdVKEODBCe4AVerQfr2XqzJrPSFWvecwR/ZH38AKTekUM=</latexit>
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<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>
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Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.



v Semi-Stationary SCM:  

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!

<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6
<latexit sha1_base64="Xnp/GgX8UKuOWlVttQ1/uWXf7gA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErceCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVev7i8r9cs8jiKcwCmcgwc1qMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALcCjMs=</latexit>

7
<latexit sha1_base64="VL613jb+AQpGzjM4Tn00JSmF8Rk=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAbBU5gRl9wMePGYgFkgGUJPpyZp07PQ3SOEIU/gxYMi8ehb+BrefBt7khw08YeGj/+voqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWrdwtFO2SPRVZBmcOxZvPSab3arfw1elFLAkw1ExQpdqOHWs3pVJzJnCc7yQKY8qGtI9tgyENULnpdNAxOTVOj/iRNC/UZOr+7khpoNQo8ExlQPVALWaZ+V/WTrRfdlMexonGkM0+8hNBdESyrUmPS2RajAxQJrmZlbABlZRpc5u8OYKzuPIyNM5LzlXpsmYXKxcwUw6O4QTOwIFrqMAdVKEODBCe4AVerQfr2XqzJrPSFWvecwR/ZH38AKTekUM=</latexit>

8

Causa
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<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>
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Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.



v Semi-Stationary SCM:  
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…

Introduction

<latexit sha1_base64="i90jG+VhHkaXnu+iyQO8fx0Rims=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVH0cSLx4xyiOBlcwOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKV7luP591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvsnxxVylVK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB226NfQ==</latexit>

X3

<latexit sha1_base64="XFOXGINNSexajOaoRdi91Sjr3gw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo4kXjxilEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyUPOqLHSffux0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Wb64q5Zq1SyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2eqNfA==</latexit>

X2

<latexit sha1_base64="FUyyfXJMN6nuzLpguOQajfiFfDI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJGmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz96vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF3Xqmd53EU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfYZo17</latexit>

X1

<latexit sha1_base64="Gvdoixj8bp41n8Zkr5FLPa4k8rM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEqZES/dCAU3rqSCvUA7DJk008YmkyHJCGWYlRtfxY0LRdz6DO58G9N2Flr9IfDxn3M4OX8QM6q043xZhbn5hcWl4nJpZXVtfcPe3GoqkUhMGlgwIdsBUoTRiDQ01Yy0Y0kQDxhpBcPLcb11T6SiIrrVo5h4HPUjGlKMtLF8e9ethH56dwR1Bi9gjofXXcFJH2W+XXYqzkTwL7g5lEGuum9/dnsCJ5xEGjOkVMd1Yu2lSGqKGclK3USRGOEh6pOOwQhxorx0ckYG943Tg6GQ5kUaTtyfEyniSo14YDo50gM1Wxub/9U6iQ6rXkqjONEkwtNFYcKgFnCcCexRSbBmIwMIS2r+CvEASYS1Sa5kQnBnT/4LzeOKe1Y5vTkp16p5HEWwA/bAAXDBOaiBK1AHDYDBA3gCL+DVerSerTfrfdpasPKZbfBL1sc3poyXVQ==</latexit>

1.fj,t = fj,t+N!
<latexit sha1_base64="Gsa6K6wSMOdR0RRIU7CzUDkI/wQ="></latexit>

2.Pa(Xj
t+N!) = {Xi

s+N! : Xi
s 2 Pa(Xj

t ), i 2 [n]}
<latexit sha1_base64="HblfpTaF09h1PrK4ivE0EqXtq3o=">AAACIXicbVDLSgMxFM34tr6qLt0EiyAow4zPLgU3rqSCVaFTSya9rbGZZEjuiGXor7jxV9y4UKQ78WdMaxe+Dlw4Oedecu+JUyksBsG7NzY+MTk1PTNbmJtfWFwqLq9cWJ0ZDlWupTZXMbMghYIqCpRwlRpgSSzhMu4cD/zLOzBWaHWO3RTqCWsr0RKcoZMaxfKuH0FqhdTq+raB2/TbK8et00gn0Ga9COEec8oMUOELv+n3GsVS4AdD0L8kHJESGaHSKPajpuZZAgq5ZNbWwiDFes4MCi6hV4gyCynjHdaGmqOKJWDr+fDCHt1wSpO2tHGlkA7V7xM5S6ztJrHrTBje2N/eQPzPq2XYKtdzodIMQfGvj1qZpKjpIC7aFAY4yq4jjBvhdqX8hhnG0YVacCGEv0/+Sy52/PDA3z/bKx2VR3HMkDWyTjZJSA7JETkhFVIlnDyQJ/JCXr1H79l78/pfrWPeaGaV/ID38QlLRKOR</latexit>

3.✏jt , ✏
j
t+N! are i.i.d.

<latexit sha1_base64="BXKzTQ5pF8ha8yhIwI586+QbGW0="></latexit>

For each j 2 [n], there exists an ! 2 N+such that :

<latexit sha1_base64="arzi+14eMW2tYePGNkXLyQEDotI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPeBNr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrepfVi/vzSu08j6MIR3AMp+DBFdTgDurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwBcgo04</latexit>

t :
<latexit sha1_base64="NK+JFNumU6kcDSv8qs8o3Ps3Nls=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKpH8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOmhPqhUvZq3AFknfkGqUKA5qHz1hwnLYpSGCap1z/dSE+RUGc4Eztx+pjGlbEJH2LNU0hh1kC8OnZFzqwxJlChb0pCF+nsip7HW0zi0nTE1Y73qzcX/vF5motsg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vzr2lW1US/CKMMpnMEF+HADDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxPRi4o=</latexit>

4
<latexit sha1_base64="+j2roBmmRSvzapnrj+9WicpS/oU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVVr95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALP4jMk=</latexit>

5
<latexit sha1_base64="F5gCCLXawS/En0tyTb0Bi0v6kcU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1apX95eV+mUeRxFO4BTOwYNrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALV9jMo=</latexit>

6
<latexit sha1_base64="Xnp/GgX8UKuOWlVttQ1/uWXf7gA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErceCF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ63UL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMb/ypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVev7i8r9cs8jiKcwCmcgwc1qMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALcCjMs=</latexit>

7
<latexit sha1_base64="VL613jb+AQpGzjM4Tn00JSmF8Rk=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAbBU5gRl9wMePGYgFkgGUJPpyZp07PQ3SOEIU/gxYMi8ehb+BrefBt7khw08YeGj/+voqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWrdwtFO2SPRVZBmcOxZvPSab3arfw1elFLAkw1ExQpdqOHWs3pVJzJnCc7yQKY8qGtI9tgyENULnpdNAxOTVOj/iRNC/UZOr+7khpoNQo8ExlQPVALWaZ+V/WTrRfdlMexonGkM0+8hNBdESyrUmPS2RajAxQJrmZlbABlZRpc5u8OYKzuPIyNM5LzlXpsmYXKxcwUw6O4QTOwIFrqMAdVKEODBCe4AVerQfr2XqzJrPSFWvecwR/ZH38AKTekUM=</latexit>

8
<latexit sha1_base64="2wa7r4kUPMqAtIiEVC3NZpECFpM=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEvK4suHHZgr1AG8pketKOnUzCzEQooU/gxoUidelb+BrufBsnrQtt/WHg4//PYc45fsyZ0o7zZeWWlldW1/LrhY3Nre2d4u5eQ0WJpFinEY9kyycKORNY10xzbMUSSehzbPrDmyxvPqBULBJ3ehSjF5K+YAGjRBurdtUtlpyyM5W9CO4PlK4/Jpneqt3iZ6cX0SREoSknSrVdJ9ZeSqRmlOO40EkUxoQOSR/bBgUJUXnpdNCxfWScnh1E0jyh7an7uyMloVKj0DeVIdEDNZ9l5n9ZO9HBpZcyEScaBZ19FCTc1pGdbW33mESq+cgAoZKZWW06IJJQbW5TMEdw51dehMZJ2T0vn9WcUuUUZsrDARzCMbhwARW4hSrUgQLCIzzDi3VvPVmv1mRWmrN+evbhj6z3b6ZikUQ=</latexit>

9
<latexit sha1_base64="YhBPOLPZjEqooYHg8lpco7ejJgs=">AAAB6XicbZDLSgMxFIbP1Futt6pLN8EiuCoz4m1nwY3LKvYC7VAyaaYNzWSG5IxQSt/AjQtFu/UpfA13vo2Ztgut/hD4+P9zyDknSKQw6LpfTm5peWV1Lb9e2Njc2t4p7u7VTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSD6yxvPHBtRKzucZhwP6I9JULBKFrrznM7xZJbdqcif8GbQ+nq4y3TpNopfra7MUsjrpBJakzLcxP0R1SjYJKPC+3U8ISyAe3xlkVFI2780XTSMTmyTpeEsbZPIZm6PztGNDJmGAW2MqLYN4tZZv6XtVIML/2RUEmKXLHZR2EqCcYkW5t0heYM5dACZVrYWQnrU00Z2uMU7BG8xZX/Qv2k7J2Xz27dUuUUZsrDARzCMXhwARW4gSrUgEEIj/AML87AeXJencmsNOfMe/bhl5z3bwgmkXY=</latexit>

10
<latexit sha1_base64="y9IN573EcKS1kY3M5KH5JQcqOiw=">AAAB6XicbZDLSgMxFIbP1Futt6pLN8EiuCoz4m1nwY3LKvYC7VAy6Zk2NJMZkoxQSt/AjQtFu/UpfA13vo2Ztgut/hD4+P9zyDknSATXxnW/nNzS8srqWn69sLG5tb1T3N2r6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwneWNB1Sax/LeDBP0I9qTPOSMGmvdeV6nWHLL7lTkL3hzKF19vGWaVDvFz3Y3ZmmE0jBBtW55bmL8EVWGM4HjQjvVmFA2oD1sWZQ0Qu2PppOOyZF1uiSMlX3SkKn7s2NEI62HUWArI2r6ejHLzP+yVmrCS3/EZZIalGz2UZgKYmKSrU26XCEzYmiBMsXtrIT1qaLM2OMU7BG8xZX/Qv2k7J2Xz27dUuUUZsrDARzCMXhwARW4gSrUgEEIj/AML87AeXJencmsNOfMe/bhl5z3bwmqkXc=</latexit>

11
<latexit sha1_base64="KVBO5z4fjHiAOqpe3ewmqliheuY=">AAAB6XicbZDLSgMxFIbP1Futt6pLN8EiuCozxdvOghuXVewF2qFk0kwbmkmGJCOUoW/gxoWi3foUvoY738ZM24W2/hD4+P9zyDkniDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9oaJkoQutEcqlaAdaUM0HrhhlOW7GiOAo4bQbDmyxvPlKlmRQPZhRTP8J9wUJGsLHWvVfpFktu2Z0KLYM3h9L153umSa1b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP2xYFjqj20+mkY3RinR4KpbJPGDR1f3ekONJ6FAW2MsJmoBezzPwvaycmvPJTJuLEUEFmH4UJR0aibG3UY4oSw0cWMFHMzorIACtMjD1OwR7BW1x5GRqVsndRPr9zS9UzmCkPR3AMp+DBJVThFmpQBwIhPMELvDpD59l5cyaz0pwz7zmEP3I+fgALLpF4</latexit>

12
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Figure2. Partial causal graph for 3-variate time series 𝑉 = {𝑋!, 𝑋", 𝑋#}
 with a Semi-Stationary SCM where	ω! = 3,	ω" = 2,	ω# = 1. Same color incoming edges and 
nodes with same color circle represent same causal mechanism.



v A constraint-based method designed for Semi-Stationary SCM:  

PCMCIΩ

Causa
08/04/23            ‹#›



v A constraint-based method designed for Semi-Stationary SCM:  

Definition. Time Partition

PCMCIΩ

<latexit sha1_base64="oN8bf4+fNhyXS9y1OCmK0nEZA6c="></latexit>

Variables in {Xj
t }t2⇧j

k(T ) share the same causal mechanism.
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<latexit sha1_base64="w4SKuj5YCfWvtIqsBYyyyk/biwo="></latexit>

A time partition ⇧j(T ) of Xj 2 V in Semi-Stationary SCM with periodicity
!j is a way of dividing all time points t 2 [T ] into a collection of non-overlapping

non-empty subsets {⇧j
k(T )}k2[!j ] such that:

<latexit sha1_base64="ZOjCXWDjFJfnn++aU8MFs79YtoY="></latexit>

⇧j
k(T ) := {t : ⌧max + 1  t  T, (t mod !j) + 1 = k}
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<latexit sha1_base64="oN8bf4+fNhyXS9y1OCmK0nEZA6c="></latexit>

Variables in {Xj
t }t2⇧j

k(T ) share the same causal mechanism.

<latexit sha1_base64="w4SKuj5YCfWvtIqsBYyyyk/biwo="></latexit>

A time partition ⇧j(T ) of Xj 2 V in Semi-Stationary SCM with periodicity
!j is a way of dividing all time points t 2 [T ] into a collection of non-overlapping

non-empty subsets {⇧j
k(T )}k2[!j ] such that:

<latexit sha1_base64="ZOjCXWDjFJfnn++aU8MFs79YtoY="></latexit>

⇧j
k(T ) := {t : ⌧max + 1  t  T, (t mod !j) + 1 = k}



Definition.	Time	Partition

PCMCIΩ
v Intuition:

<latexit sha1_base64="+pTXcj5M1f7aHmuqsdWpyrXxET4=">AAAB8XicbVC7SgNBFL0bXzG+YixthgTBKuz6boSAFpYRzAOTJcxOZpMhszPLzKwQlvyFjYUiFjZ+g39gZeffOHkUGj1w4XDOvdx7TxBzpo3rfjmZhcWl5ZXsam5tfWNzK79dqGuZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg4ux37ijSjMpbswwpn6Ee4KFjGBjpdu2jGgPd7zzw06+5JbdCdBf4s1IqZL9eC9cvharnfxnuytJElFhCMdatzw3Nn6KlWGE01GunWgaYzLAPdqyVOCIaj+dXDxCe1bpolAqW8KgifpzIsWR1sMosJ0RNn09743F/7xWYsIzP2UiTgwVZLooTDgyEo3fR12mKDF8aAkmitlbEeljhYmxIeVsCN78y39J/aDsnZSPr20aRzBFFnahCPvgwSlU4AqqUAMCAu7hEZ4c7Tw4z87LtDXjzGZ24Bect2+kCJMq</latexit>

!1 = 3

<latexit sha1_base64="mg+QQ8ylnw5o8HiZ5ZOQRMNT3zQ="></latexit>

{X1
t�1, X

2
t�2}t2⇧1

1(T )

<latexit sha1_base64="NyO7ko+p90tMqktYZkeRrxe4smA=">AAACFXicbZDLSsNAFIYn9VbrLerSTWgRKtSS1Ouy4MZlC70EmrRMptN26GQSZiZCCVn5Bm7EN+nGhSJuBXe+jdOLoK0/DHzzn3OYOb8XUiKkaX5pqZXVtfWN9GZma3tnd0/fP2iIIOII11FAA257UGBKGK5LIim2Q46h71Hc9IY3k3rzDnNBAlaToxC7Puwz0iMISmV19IIT251YnlpJ2yr80JmTKHIIcyqkHVvqUkrytZOko+fMojmVsQzWHHLl7NN91R7nKx390+kGKPIxk4hCIVqWGUo3hlwSRHGScSKBQ4iGsI9bChn0sXDj6VaJcaycrtELuDpMGlP390QMfSFGvqc6fSgHYrE2Mf+rtSLZu3ZjwsJIYoZmD/UiasjAmERkdAnHSNKRAog4UX810AByiKQKMqNCsBZXXoZGqWhdFi+qKo1zMFMaHIEsyAMLXIEyuAUVUAcIPIAxeAGv2qP2rL1p77PWlDafOQR/pH18AzJjoSg=</latexit>

{X1
t�1, X

3
t�1}t2⇧1

2(T )

<latexit sha1_base64="EzehmpR5nm/Wdzfg3MOpNn80B4k=">AAACDHicbVA7T8MwGHTKq5RXgZElaoVUBqqY91iJhbGV+ojUpJXjOq1Vx4lsB6mKMjGxsPMrWBiKECs/gI1/g/sYoOUkS+e7+2R/50WMSmVZ30ZmZXVtfSO7mdva3tndy+8fNGUYC0waOGShsD0kCaOcNBRVjNiRICjwGGl5w9uJ37onQtKQ19UoIm6A+pz6FCOlpW6+mHMSu5uoU5h2oJNq5lDuVGkngfpynpbqJ6lOWWVrCnOZwDkpVgrPDzV7XKp2819OL8RxQLjCDEnZhlak3AQJRTEjac6JJYkQHqI+aWvKUUCkm0yXSc1jrfRMPxT6cGVO1d8TCQqkHAWeTgZIDeSiNxH/89qx8m/chPIoVoTj2UN+zEwVmpNmzB4VBCs20gRhQfVfTTxAAmGl+8vpEuDiysukeVaGV+XLmm7jAsyQBUegAEoAgmtQAXegChoAg0fwAsbgzXgyXo1342MWzRjzmUPwB8bnD4n+nZs=</latexit>

{X1
t�1}t2⇧1

3(T )

<latexit sha1_base64="H6iYaJZXBJqa9/hx9WG3gu/FExw="></latexit>

E.g., find Pa(X1
t ) on the correct time partition with !1 = 3.

<latexit sha1_base64="53YtCIi8cQa31yELniu+09FyUdE=">AAAB9HicbVDJSgNBEK2JW4xbXG5eBoMQL2FG3I4BLx4jmAWSMfR0epImPT1jd00gDPMdXjwo4tWP8ebf2FkOmvig4PFeFVX1/FhwjY7zbeVWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplk80E1yyOnIUrBUrRkJfsKY/vJ34zRFTmkfyAccx80LSlzzglKCRvBoptx5TN+ummJ11iyWn4kxhLxN3TkrVo2CKWrf41elFNAmZRCqI1m3XidFLiUJOBcsKnUSzmNAh6bO2oZKETHvp9OjMPjVKzw4iZUqiPVV/T6Qk1Hoc+qYzJDjQi95E/M9rJxjceCmXcYJM0tmiIBE2RvYkAbvHFaMoxoYQqri51aYDoghFk1PBhOAuvrxMGucV96pyeW/SuIAZ8nAMJ1AGF66hCndQgzpQeIJneIU3a2S9WO/Wx6w1Z81nDuEPrM8fwM6UWA==</latexit>

Pa(X1
t )

<latexit sha1_base64="53YtCIi8cQa31yELniu+09FyUdE=">AAAB9HicbVDJSgNBEK2JW4xbXG5eBoMQL2FG3I4BLx4jmAWSMfR0epImPT1jd00gDPMdXjwo4tWP8ebf2FkOmvig4PFeFVX1/FhwjY7zbeVWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplk80E1yyOnIUrBUrRkJfsKY/vJ34zRFTmkfyAccx80LSlzzglKCRvBoptx5TN+ummJ11iyWn4kxhLxN3TkrVo2CKWrf41elFNAmZRCqI1m3XidFLiUJOBcsKnUSzmNAh6bO2oZKETHvp9OjMPjVKzw4iZUqiPVV/T6Qk1Hoc+qYzJDjQi95E/M9rJxjceCmXcYJM0tmiIBE2RvYkAbvHFaMoxoYQqri51aYDoghFk1PBhOAuvrxMGucV96pyeW/SuIAZ8nAMJ1AGF66hCndQgzpQeIJneIU3a2S9WO/Wx6w1Z81nDuEPrM8fwM6UWA==</latexit>

Pa(X1
t )

<latexit sha1_base64="53YtCIi8cQa31yELniu+09FyUdE=">AAAB9HicbVDJSgNBEK2JW4xbXG5eBoMQL2FG3I4BLx4jmAWSMfR0epImPT1jd00gDPMdXjwo4tWP8ebf2FkOmvig4PFeFVX1/FhwjY7zbeVWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplk80E1yyOnIUrBUrRkJfsKY/vJ34zRFTmkfyAccx80LSlzzglKCRvBoptx5TN+ummJ11iyWn4kxhLxN3TkrVo2CKWrf41elFNAmZRCqI1m3XidFLiUJOBcsKnUSzmNAh6bO2oZKETHvp9OjMPjVKzw4iZUqiPVV/T6Qk1Hoc+qYzJDjQi95E/M9rJxjceCmXcYJM0tmiIBE2RvYkAbvHFaMoxoYQqri51aYDoghFk1PBhOAuvrxMGucV96pyeW/SuIAZ8nAMJ1AGF66hCndQgzpQeIJneIU3a2S9WO/Wx6w1Z81nDuEPrM8fwM6UWA==</latexit>

Pa(X1
t )

<latexit sha1_base64="8bmo87xErILPiVq0kr5FsmPsqX8=">AAAB8XicbVC7SgNBFL0bXzG+YixtBoMQm7Ab8VEGbCwj5IXZNcxOZpMhs7PLzKwQlnyDjY2FIrb+hZ9g54fYO3kUmnjgwuGce7n3Hj/mTGnb/rIyK6tr6xvZzdzW9s7uXn6/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7ya+K17KhWLRF2PYuqFuC9YwAjWRrp1a6x7eueU6ifdfNEu21OgZeLMSbFacEvfHw9urZv/dHsRSUIqNOFYqY5jx9pLsdSMcDrOuYmiMSZD3KcdQwUOqfLS6cVjdGyUHgoiaUpoNFV/T6Q4VGoU+qYzxHqgFr2J+J/XSXRw6aVMxImmgswWBQlHOkKT91GPSUo0HxmCiWTmVkQGWGKiTUg5E4Kz+PIyaVbKznn57MakUYEZsnAIR1ACBy6gCtdQgwYQEPAIz/BiKevJerXeZq0Zaz5zAH9gvf8AhTyTJw==</latexit>

⇧1
3(T )

<latexit sha1_base64="wTbwLovIJZ0GoBoKqd9HArggko4=">AAAB8XicbVC7SgNBFL0bXzG+YixtBoMQm7AbiFoGbCwj5IXZNcxOZpMhs7PLzKwQlnyDjY2FIrb+hZ9g54fYO3kUmnjgwuGce7n3Hj/mTGnb/rIya+sbm1vZ7dzO7t7+Qf6w0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P7qa+u17KhWLREOPY+qFeCBYwAjWRrp166xXuXNKjbNevmiX7RnQKnEWpFgruKXvjwe33st/uv2IJCEVmnCsVNexY+2lWGpGOJ3k3ETRGJMRHtCuoQKHVHnp7OIJOjVKHwWRNCU0mqm/J1IcKjUOfdMZYj1Uy95U/M/rJjq49FIm4kRTQeaLgoQjHaHp+6jPJCWajw3BRDJzKyJDLDHRJqScCcFZfnmVtCpl57xcvTFpVGCOLBzDCZTAgQuowTXUoQkEBDzCM7xYynqyXq23eWvGWswcwR9Y7z+Ds5Mm</latexit>

⇧1
2(T )

<latexit sha1_base64="XTtORTq64BCdMwQQNuQIYzJDD1Y=">AAAB8XicbVC7SgNBFL0bXzG+YixtBoMQm7AbiFoGbCwj5IXZNcxOZpMhs7PLzKwQlnyDjY2FIrb+hZ9g54fYO3kUmnjgwuGce7n3Hj/mTGnb/rIya+sbm1vZ7dzO7t7+Qf6w0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P7qa+u17KhWLREOPY+qFeCBYwAjWRrp166zn3DmlxlkvX7TL9gxolTgLUqwV3NL3x4Nb7+U/3X5EkpAKTThWquvYsfZSLDUjnE5ybqJojMkID2jXUIFDqrx0dvEEnRqlj4JImhIazdTfEykOlRqHvukMsR6qZW8q/ud1Ex1ceikTcaKpIPNFQcKRjtD0fdRnkhLNx4ZgIpm5FZEhlphoE1LOhOAsv7xKWpWyc16u3pg0KjBHFo7hBErgwAXU4Brq0AQCAh7hGV4sZT1Zr9bbvDVjLWaO4A+s9x+CKpMl</latexit>

⇧1
1(T )

Causa
08/04/23            ‹#›

<latexit sha1_base64="Icby5XWXdkNPvmb+1xENpIsrv+s=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEhlqRLEa6xgYSxSX1ITKsd1W6uOE9k3SFWUD2DhV1gYQIiVD2Djb3DaDNByJFtH55wr+x4/ElyDbX9bS8srq2vrhY3i5tb2zm5pb7+lw1hR1qShCFXHJ5oJLlkTOAjWiRQjgS9Y2x/fZH77gSnNQ9mAScS8gAwlH3BKwEi9UtlNOveJk/YSSN3sdrnEbp3PNCetNE5Sk7Kr9hR4kTg5KaMc9V7py+2HNA6YBCqI1l3HjsBLiAJOBUuLbqxZROiYDFnXUEkCpr1kukyKj43Sx4NQmSMBT9XfEwkJtJ4EvkkGBEZ63svE/7xuDIMrL+EyioFJOntoEAsMIc6awX2uGAUxMYRQxc1fMR0RRSiY/oqmBGd+5UXSOq06F9Xzu7Ny7Tqvo4AO0RGqIAddohq6RXXURBQ9omf0it6sJ+vFerc+ZtElK585QH9gff4Am3WbVA==</latexit>

{X1
t }t2⇧1

1(T )

<latexit sha1_base64="FlYULvofbE0/7FypC3e9/Xlbp0Y=">AAACDHicbVC7TsMwFL0pr1JeBUYWiwqpLFVS8RorWBiL1JfUhMpxndaq40S2g1RF+QAWfoWFAYRY+QA2/gb3MUDLkWwdnXOu7Hv8mDOlbfvbyq2srq1v5DcLW9s7u3vF/YOWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RzcRvP1CpWCQaehxTL8QDwQJGsDZSr1hy08596mS9VGfu5HaZQG6dzbRqVm6cZiZlV+wp0DJx5qQEc9R7xS+3H5EkpEITjpXqOnasvRRLzQinWcFNFI0xGeEB7RoqcEiVl06XydCJUfooiKQ5QqOp+nsixaFS49A3yRDroVr0JuJ/XjfRwZWXMhEnmgoyeyhIONIRmjSD+kxSovnYEEwkM39FZIglJtr0VzAlOIsrL5NWteJcVM7vzkq163kdeTiCYyiDA5dQg1uoQxMIPMIzvMKb9WS9WO/Wxyyas+Yzh/AH1ucPnP6bVQ==</latexit>

{X1
t }t2⇧1

2(T )
<latexit sha1_base64="7kYuy74FiafAVIe8pU2f/Gm8qx8=">AAACDHicbVC7TsMwFL0pr1JeBUYWiwqpLFXCe6xgYSxSX1ITKsd1WquOE9kOUhXlA1j4FRYGEGLlA9j4G9zHAC1HsnV0zrmy7/FjzpS27W8rt7S8srqWXy9sbG5t7xR395oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8oc3Y7/1QKVikajrUUy9EPcFCxjB2kjdYslN2/epk3VTnbnj22UCuTU21U6zcv04Mym7Yk+AFokzIyWYodYtfrm9iCQhFZpwrFTHsWPtpVhqRjjNCm6iaIzJEPdpx1CBQ6q8dLJMho6M0kNBJM0RGk3U3xMpDpUahb5JhlgP1Lw3Fv/zOokOrryUiTjRVJDpQ0HCkY7QuBnUY5ISzUeGYCKZ+SsiAywx0aa/ginBmV95kTRPKs5F5fzurFS9ntWRhwM4hDI4cAlVuIUaNIDAIzzDK7xZT9aL9W59TKM5azazD39gff4AnoebVg==</latexit>

{X1
t }t2⇧1

3(T )



PCMCIΩ
v Intuition:

<latexit sha1_base64="+pTXcj5M1f7aHmuqsdWpyrXxET4=">AAAB8XicbVC7SgNBFL0bXzG+YixthgTBKuz6boSAFpYRzAOTJcxOZpMhszPLzKwQlvyFjYUiFjZ+g39gZeffOHkUGj1w4XDOvdx7TxBzpo3rfjmZhcWl5ZXsam5tfWNzK79dqGuZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg4ux37ijSjMpbswwpn6Ee4KFjGBjpdu2jGgPd7zzw06+5JbdCdBf4s1IqZL9eC9cvharnfxnuytJElFhCMdatzw3Nn6KlWGE01GunWgaYzLAPdqyVOCIaj+dXDxCe1bpolAqW8KgifpzIsWR1sMosJ0RNn09743F/7xWYsIzP2UiTgwVZLooTDgyEo3fR12mKDF8aAkmitlbEeljhYmxIeVsCN78y39J/aDsnZSPr20aRzBFFnahCPvgwSlU4AqqUAMCAu7hEZ4c7Tw4z87LtDXjzGZ24Bect2+kCJMq</latexit>

!1 = 3

Causa
08/04/23            ‹#›

<latexit sha1_base64="KFN4iV6wVRm0Vb//brNEcTWhN6c=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIIXw674wouilxwjmETIhjA76cQxszvLTK8alnyFF3/FiwdFvIo3/8bZuAdfBQM1Vd10dwWxFAZd98MZG5+YnJqemS3MzS8sLhWXV+pGJZpDjSup9EXADEgRQQ0FSriINbAwkNAI+qeZ37gGbYSKznEQQytkvUh0BWdopXZxy0e4xfQsAZMJh7Sibigqmn1DhkCH1Fch9Fg7vRoetYslt+yOQP8SLyclkqPaLr77HcWTECLkkhnT9NwYWynTKLiEYcFPDMSM91kPmpZGLATTSkdnDemGVTq0q7R9EdKR+r0jZaExgzCwlXbVS/Pby8T/vGaC3YNWKqI4QYj416BuIrO7s4xoR2jgKAeWMK6F3ZXyS6YZR5tkwYbg/T75L6lvl7298u7ZTun4JI9jhqyRdbJJPLJPjkmFVEmNcHJHHsgTeXbunUfnxXn9Kh1z8p5V8gPO2yd9LZ+U</latexit>

Question: How to estimate !j?

<latexit sha1_base64="j1NscaJEaBo6DXxpOI7+gxcbVhE="></latexit>

Claim: For a univariate time series Xj 2 V in a Semi-Stationary SCM with
periodicity !j , !̂j 6= !j will lead to a denser graph.

<latexit sha1_base64="8bmo87xErILPiVq0kr5FsmPsqX8=">AAAB8XicbVC7SgNBFL0bXzG+YixtBoMQm7Ab8VEGbCwj5IXZNcxOZpMhs7PLzKwQlnyDjY2FIrb+hZ9g54fYO3kUmnjgwuGce7n3Hj/mTGnb/rIyK6tr6xvZzdzW9s7uXn6/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7ya+K17KhWLRF2PYuqFuC9YwAjWRrp1a6x7eueU6ifdfNEu21OgZeLMSbFacEvfHw9urZv/dHsRSUIqNOFYqY5jx9pLsdSMcDrOuYmiMSZD3KcdQwUOqfLS6cVjdGyUHgoiaUpoNFV/T6Q4VGoU+qYzxHqgFr2J+J/XSXRw6aVMxImmgswWBQlHOkKT91GPSUo0HxmCiWTmVkQGWGKiTUg5E4Kz+PIyaVbKznn57MakUYEZsnAIR1ACBy6gCtdQgwYQEPAIz/BiKevJerXeZq0Zaz5zAH9gvf8AhTyTJw==</latexit>

⇧1
3(T )

<latexit sha1_base64="wTbwLovIJZ0GoBoKqd9HArggko4=">AAAB8XicbVC7SgNBFL0bXzG+YixtBoMQm7AbiFoGbCwj5IXZNcxOZpMhs7PLzKwQlnyDjY2FIrb+hZ9g54fYO3kUmnjgwuGce7n3Hj/mTGnb/rIya+sbm1vZ7dzO7t7+Qf6w0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P7qa+u17KhWLREOPY+qFeCBYwAjWRrp166xXuXNKjbNevmiX7RnQKnEWpFgruKXvjwe33st/uv2IJCEVmnCsVNexY+2lWGpGOJ3k3ETRGJMRHtCuoQKHVHnp7OIJOjVKHwWRNCU0mqm/J1IcKjUOfdMZYj1Uy95U/M/rJjq49FIm4kRTQeaLgoQjHaHp+6jPJCWajw3BRDJzKyJDLDHRJqScCcFZfnmVtCpl57xcvTFpVGCOLBzDCZTAgQuowTXUoQkEBDzCM7xYynqyXq23eWvGWswcwR9Y7z+Ds5Mm</latexit>

⇧1
2(T )

<latexit sha1_base64="XTtORTq64BCdMwQQNuQIYzJDD1Y=">AAAB8XicbVC7SgNBFL0bXzG+YixtBoMQm7AbiFoGbCwj5IXZNcxOZpMhs7PLzKwQlnyDjY2FIrb+hZ9g54fYO3kUmnjgwuGce7n3Hj/mTGnb/rIya+sbm1vZ7dzO7t7+Qf6w0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P7qa+u17KhWLREOPY+qFeCBYwAjWRrp166zn3DmlxlkvX7TL9gxolTgLUqwV3NL3x4Nb7+U/3X5EkpAKTThWquvYsfZSLDUjnE5ybqJojMkID2jXUIFDqrx0dvEEnRqlj4JImhIazdTfEykOlRqHvukMsR6qZW8q/ud1Ex1ceikTcaKpIPNFQcKRjtD0fdRnkhLNx4ZgIpm5FZEhlphoE1LOhOAsv7xKWpWyc16u3pg0KjBHFo7hBErgwAXU4Brq0AQCAh7hGV4sZT1Zr9bbvDVjLWaO4A+s9x+CKpMl</latexit>

⇧1
1(T )



Definition.	Time	Partition

PCMCIΩ
v Intuition:

<latexit sha1_base64="OEFHgHU2jaKuvAFXtL9rpqGPP/g="></latexit>

For a univariate time series Xj 2 V in a Semi-Stationary SCM with periodicity !j ,
!̂j 6= !j will lead to a denser graph.

<latexit sha1_base64="eB++bBetn3uOguQQrFbovSgtQRs="></latexit>

E.g., find Pa(X1
t ) on the wrong time partition with !̂1 = 2.

<latexit sha1_base64="Kwek+NnhS+wnI6Z4KU2RbW2Eorw=">AAAB+3icbVDLSsNAFJ34rPEV69LN0CK4KknxtREKunBZwT6gDWEynbRDJzNhZiKWkF9xI6iIW5f+gSt3/o3Tx0JbD1w4nHMv994TJowq7brf1tLyyuraemHD3tza3tl19opNJVKJSQMLJmQ7RIowyklDU81IO5EExSEjrXB4OfZbd0QqKvitHiXEj1Gf04hipI0UOEW7O0A664qY9FEeePCiGjhlt+JOABeJNyPlWuHzo3j1VKoHzle3J3AaE64xQ0p1PDfRfoakppiR3O6miiQID1GfdAzlKCbKzya35/DQKD0YCWmKazhRf09kKFZqFIemM0Z6oOa9sfif10l1dO5nlCepJhxPF0Upg1rAcRCwRyXBmo0MQVhScyvEAyQR1iYu24Tgzb+8SJrVindaObkxaRyDKQrgAJTAEfDAGaiBa1AHDYDBPXgAz+DFyq1H69V6m7YuWbOZffAH1vsPi8eWZQ==</latexit>

!̂1 = 2

<latexit sha1_base64="mpvOyQcz1KCQDJjCZAIN6wbSCCQ="></latexit>

Use samples {X1
t }t2⇧̂1

1(T )

<latexit sha1_base64="53YtCIi8cQa31yELniu+09FyUdE=">AAAB9HicbVDJSgNBEK2JW4xbXG5eBoMQL2FG3I4BLx4jmAWSMfR0epImPT1jd00gDPMdXjwo4tWP8ebf2FkOmvig4PFeFVX1/FhwjY7zbeVWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplk80E1yyOnIUrBUrRkJfsKY/vJ34zRFTmkfyAccx80LSlzzglKCRvBoptx5TN+ummJ11iyWn4kxhLxN3TkrVo2CKWrf41elFNAmZRCqI1m3XidFLiUJOBcsKnUSzmNAh6bO2oZKETHvp9OjMPjVKzw4iZUqiPVV/T6Qk1Hoc+qYzJDjQi95E/M9rJxjceCmXcYJM0tmiIBE2RvYkAbvHFaMoxoYQqri51aYDoghFk1PBhOAuvrxMGucV96pyeW/SuIAZ8nAMJ1AGF66hCndQgzpQeIJneIU3a2S9WO/Wx6w1Z81nDuEPrM8fwM6UWA==</latexit>

Pa(X1
t )

<latexit sha1_base64="+pTXcj5M1f7aHmuqsdWpyrXxET4=">AAAB8XicbVC7SgNBFL0bXzG+YixthgTBKuz6boSAFpYRzAOTJcxOZpMhszPLzKwQlvyFjYUiFjZ+g39gZeffOHkUGj1w4XDOvdx7TxBzpo3rfjmZhcWl5ZXsam5tfWNzK79dqGuZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg4ux37ijSjMpbswwpn6Ee4KFjGBjpdu2jGgPd7zzw06+5JbdCdBf4s1IqZL9eC9cvharnfxnuytJElFhCMdatzw3Nn6KlWGE01GunWgaYzLAPdqyVOCIaj+dXDxCe1bpolAqW8KgifpzIsWR1sMosJ0RNn09743F/7xWYsIzP2UiTgwVZLooTDgyEo3fR12mKDF8aAkmitlbEeljhYmxIeVsCN78y39J/aDsnZSPr20aRzBFFnahCPvgwSlU4AqqUAMCAu7hEZ4c7Tw4z87LtDXjzGZ24Bect2+kCJMq</latexit>

!1 = 3
<latexit sha1_base64="ckGuVxTv6/VXDoEfKY+04QlbaS8=">AAAB/XicbVDLSsNAFJ3UV62vqN25CRahbkoivpYFNy4r9AVNLJPppB06mYSZG6GG4K+4caGIW//DnX/jNO1CWw9cOJxzL/fe48ecKbDtb6Owsrq2vlHcLG1t7+zumfsHbRUlktAWiXgkuz5WlDNBW8CA024sKQ59Tjv++Gbqdx6oVCwSTZjE1AvxULCAEQxa6ptld4QhdRss66dOdq+r2jztmxW7ZuewlokzJ5V6OcjR6Jtf7iAiSUgFEI6V6jl2DF6KJTDCaVZyE0VjTMZ4SHuaChxS5aX59Zl1opWBFURSlwArV39PpDhUahL6ujPEMFKL3lT8z+slEFx7KRNxAlSQ2aIg4RZE1jQKa8AkJcAnmmAimb7VIiMsMQEdWEmH4Cy+vEzaZzXnsnZxp9M4RzMU0RE6RlXkoCtUR7eogVqIoEf0jF7Rm/FkvBjvxsestWDMZw7RHxifP3xYl30=</latexit>

⇧̂1
1(T )

Causa
08/04/23            ‹#›

<latexit sha1_base64="fwpR+3c5siAgY4YRGJIYbmaj7Gk=">AAACG3icbZDLSgMxFIYzXmu9VV26GSxCBS2Twduy6MZlhd6g05ZMmrahmcyQnBHKMO/hxldx40IRV4IL38b0stDWHwIf/zmHk/P7keAaHOfbWlpeWV1bz2xkN7e2d3Zze/s1HcaKsioNRagaPtFMcMmqwEGwRqQYCXzB6v7wdlyvPzCleSgrMIpYKyB9yXucEjBWJ+d6SaOTwBlO2/h0Qm7adr3UkMelNyCQeGWethNsLJwWKidpJ5d3is5E9iLgGeTRTOVO7tPrhjQOmAQqiNZN7ETQSogCTgVLs16sWUTokPRZ06AkAdOtZHJbah8bp2v3QmWeBHvi/p5ISKD1KPBNZ0BgoOdrY/O/WjOG3nUr4TKKgUk6XdSLhQ2hPQ7K7nLFKIiRAUIVN3+16YAoQsHEmTUh4PmTF6HmFvFl8eL+PF+6mcWRQYfoCBUQRleohO5QGVURRY/oGb2iN+vJerHerY9p65I1mzlAf2R9/QBTIKD/</latexit>

{X1
t�1, X

2
t�2}t2⇧̂1

1(T )
<latexit sha1_base64="7DSn0LyhbvYsOi+bIFLYkYZyUbo=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARKmiZ1Ouy6MZlhd6g05ZMmrahmcyQnBHKMO/hxldx40IRV4IL38b0Imj1h8DHf87h5PxeKLgGx/m0UguLS8sr6dXM2vrG5lZ2e6emg0hRVqWBCFTDI5oJLlkVOAjWCBUjvidY3Rtej+v1O6Y0D2QFRiFr+aQveY9TAsbqZItu3OjEcIyTNj76phM3MeRy6Q4IxG6ZJ+0YGwsn+cph0snmnIIzkf0X8AxyaKZyJ/vudgMa+UwCFUTrJnZCaMVEAaeCJRk30iwkdEj6rGlQEp/pVjy5LbEPjNO1e4EyT4I9cX9OxMTXeuR7ptMnMNDztbH5X60ZQe+yFXMZRsAknS7qRcKGwB4HZXe5YhTEyAChipu/2nRAFKFg4syYEPD8yX+hVizg88LZ7WmudDWLI4320D7KI4wuUAndoDKqIoru0SN6Ri/Wg/VkvVpv09aUNZvZRb9kfXwBUx2g/w==</latexit>

{X1
t�1, X

3
t�1}t2⇧̂1

1(T )
<latexit sha1_base64="GuaiqtSVrR4yW5GgLpx7EzVbjH4=">AAACEXicbZC7TsMwFIYdrqXcCowsERVSGahixG2sYGEsUm9Sk0aO67ZWHSeyT5CqKK/AwquwMIAQKxsbb4N7GaDllyx9+s85Oj5/EAuuwXG+raXlldW19dxGfnNre2e3sLff0FGiKKvTSESqFRDNBJesDhwEa8WKkTAQrBkMb8f15gNTmkeyBqOYeSHpS97jlICx/ELJTVt+Cqc462A3M+Ry6Q4IpG6VZ50UGwtnpdpJ5heKTtmZyF4EPIMimqnqF77cbkSTkEmggmjdxk4MXkoUcCpYlncTzWJCh6TP2gYlCZn20slFmX1snK7di5R5EuyJ+3siJaHWozAwnSGBgZ6vjc3/au0EetdeymWcAJN0uqiXCBsiexyP3eWKURAjA4Qqbv5q0wFRhIIJMW9CwPMnL0LjrIwvyxf358XKzSyOHDpER6iEMLpCFXSHqqiOKHpEz+gVvVlP1ov1bn1MW5es2cwB+iPr8wdfgp1d</latexit>

{X1
t�1}t2⇧̂1

1(T )

…



Thank You
Email: gao565@purdue.edu

Causa


