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min
u,x,y

EP
⇥
x>Qx+ u>Ru

⇤

s.t. x = Hu+ Gw, y = Cx+ v, u 2 Uy

<latexit sha1_base64="poCUv3zWNaQ/GtiSeYART15tqS4="></latexit>

EP
⇥
x>Qx+ u>Ru

⇤

1) Ben-Tal, Boyd & Nemirovski, Math. Program., 2005.

Proof Sketch:

Distributionally Robust Linear Quadratic Control

purified 
outputs
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Proposition: We have

p? =

⇢
min
q2RpT

U2U

max
W2GW
V2GV

g(U, q,W,V)

where

GW =

⇢
W

����
W = diag(X0,W0, . . . ,WT�1), X0 2 Sn+, Wt 2 Sn+ 8t 2 [T� 1]
G(X0, X̂0)  ρx0 , G(Wt, Ŵt)  ρwt

8t 2 [T� 1]

�

GV =
n
V

���V = diag(V0, . . . ,VT�1), Vt 2 Sp+, G(Vt, V̂t)  ρvt 8t 2 [T� 1]
o
.
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u = Uη + q
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Restriction to  
linear policies

Bahar Taşkesen, Dan A. Iancu, Çağıl Koçyiğit & Daniel Kuhn

Linear dynamical system:

Quadratic cost:

Imperfect state measurements:

Causal controllers:
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ut = φt(y0, . . . , yt) 8t 2 [T� 1]
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yt = Cxt + vt 8t 2 [T� 1]
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xt+1 = Axt + But + wt
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EP

 T�1X

t=0

(xt>Qxt + ut>Rut) + xT>QxT
�

Linear Quadratic Control

Separation of Estimation and Control
independent 

with zero mean
<latexit sha1_base64="b9KimjdHKCSl2ch2paXXzd+68OU=">AAAEOHicbZNLbxMxEICdBmgprxaOXCwqpFYK0W5FeRwqFUEFBw4J6kvqhsjrnSQmtndle9tGlv8SP4BfAjduiCs/AGFvlqrd1tJa4/nmYc/MpgVn2kTRj9ZC+8bNW4tLt5fv3L13/8HK6sMDnZeKwj7Nea6OUqKBMwn7hhkOR4UCIlIOh+n0beCHJ6A0y+WemRUwEGQs2YhRYrxquKJsoiBLBDGTNMU9t50YODMWf8mZNDjzF1 </latexit>

P = joint distribution of (x0, {wt}T�1
t=0 , {vt}

T�1
t=1 )

Optimal inputs:
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u?t = Kt EP[xt|y0, . . . , yt] 8t 2 [T� 1]
Assumption:
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P is an arbitrary distribution

feedback gain matrix: 
  
efficiently  
computable via DP1)

<latexit sha1_base64="+KurGy1UL8jVpbtxAoSGGn/+wgg="></latexit>

independent of P
state estimator: 

nonlinear in 

#P-hard2)
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state estimator: 
linear in 
efficiently computable via 
Kalman filtering
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Distributionally Robust LQG Control
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u, x, y-player

Cyclic Dependencies

inputs 

outputs

states 
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exogenous!

Noise-free system:
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η = y� ŷ
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x̂ = Hu
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ŷ = Cx̂
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= CGw+ v
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Gaussian

causal output-feedback policies  = causal purified output-feedback policies
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u = ψ(η)

Ambiguity set:
Gaussian  

with mean 0
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W = Wx0 ⇥ (⇥T�1
t=0 Wwt)⇥ (⇥T�1

t=0 Wvt)
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Wx0 =
n
Px0 distribution of x0 with mean 0

���W2(Px0 , P̂x0)  rx0
o
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Wwt =
n
Pwt distribution of wt with mean 0

���W2(Pwt , P̂wt)  rwt

o
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Wvt =
n
Pvt distribution of vt with mean 0

���W2(Pvt , P̂vt)  rvt

o
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P-player
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(u, x)-player
moves first
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P-player
moves first
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p? =

(
min
u,x

max
P2W

EP
⇥
x>Qx+ u>Ru

⇤

s.t. x = Hu+ Gw, u 2 Uη
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u 2 Uη
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min
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d? =

(
max
P2W

min
u,x

EP
⇥
x>Qx+ u>Ru

⇤

s.t. x = Hu+ Gw, u 2 Uη
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min
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max
P2W
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⇥
x>Qx+ u>Ru
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s.t. x = Hu+ Gw, y = Cx+ v, u 2 Uy

(a) The primal problem is solved by a linear policy; 

(b)  The dual problem is solved by a Gaussian distribution; 

(c)  Strong duality holds.

Structural Results

600 fold 
speedup

10 inputs
10 outputs
10 states
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Step 1Step 2

Step 3
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s.t. x = Hu+ Gw, u = Uη + q, U 2 U
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Step 1:

Relaxation to  
Gelbrich ambiguity set
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Step 2:

Restriction to  
normal 
distributions
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(w, v)
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Step 3: Sion’s minimax theorem 
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Proposition: We have

d? =

⇢
max
W2GW
V2GV

min
q2RpT

U2U

f(U, q,W,V), where

GW =

⇢
W

����
W = diag(X0,W0, . . . ,WT�1), X0 2 Sn+, Wt 2 Sn+ 8t 2 [T� 1]
G(X0, X̂0)  ρx0 , G(Wt, Ŵt)  ρwt

8t 2 [T� 1]

�

GV =
n
V

���V = diag(V0, . . . ,VT�1), Vt 2 Sp+, G(Vt, V̂t)  ρvt 8t 2 [T� 1]
o
.
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d? = p?

Optimal Transport Problem
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Wp(P1,P2) =
✓

min
π2Π(P1,P2)

Z
kξ1 � ξ2kp dπ(ξ1, ξ2)

◆ 1
p
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If P1 ⇠ N (0,Σ1) and P2 ⇠ N (0,Σ2) are Gaussian:
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Gaussian:
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If P1 ⇠ N (0,Σ1) and P2 ⇠ N (0,Σ2) are Gaussian:

Non-Gaussain: 
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Convert “max” to “min” via duality
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Theory Practice

Numerical Solution to DR-LQG
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=) SDP with O(T(mp+ n2 + p2)) variables
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P?

Nash equilibrium

Nash Equilibrium of Zero-Sum Game

computed 
offline

computed 
online
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u 2 Uη

Purified 
Outputs

inputs states 
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= f(W,V)

Step 2: Update iterates:
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Step 1: Solve direction-finding subproblem:
<latexit sha1_base64="b2dYbJSVBX3evlKnYFFWwo9dz4U="></latexit>

max
LW2GW
LV2GV

hrWf, LW �Wi+ hrVf, LV � Vi

Frank-Wolfe Algorithm 1)
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“Life can only be understood going  
backwards, but it must be 

 lived going forwards.” 
- Søren Kierkegard
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fast bisection method2)


