LUDWIG-
MAXIMILIANS- DEPARTMENT OF MATHEMATICS
UNIVERSITAT

MUNCHEN

FACULTY FOR MATHEMATICS, INFORMATICS, AND STATISTICS

BAVARIAN Al CHAIR “MATHEMATICAL FOUNDATIONS OF ARTIFICIAL INTELLIGENCE”

A Fractional Graph Laplacian
Approach to Oversmoothing

S. Maskey*, R. Paolino*,
A. Bacho, G. Kutyniok

Department of Mathematics - LMU Munich

P

i a a2
bi)+(c+di
+bi)-(c+di)
(a+bi)(c+di) -
(a+bi)(a-bi) =
a+bi| = a2+

X - < 5 2
_a 2 ; -
m ¢ " bc X—'4XSO 72—\ @"3CHC |
v; a _ac ©1) sy Y
y e = n = T | nSb,+6H
\\ %) b (BNC)=22 T4 | hccion,
i+ £ . ad+bc o ( B ) = 68 - ; 7-2H207>2Kr+01+4HF
ny b d = o o —NOsF0,
bd n(C) =84 ' ))+3H, = 2N
6+8+9 = 5 = [P —
n(BUC) =n(B)+n(C)n(BNC) i, < 2H
4+8+12=30 0, = 250,
_________ He =4.002602 = (,0+C0,
1+6= 18 20 — .7 L’ Na §22.989769 - N
' | 7 Ar =39.948 .
X ! N\
log, x ' '
09X 6 — :
log,a
rlog, x y
log,x + log,y X
log,x - log,y a(bc) = (ab)c

(1002)a+100b
10000a + 100b-5 ”I |

126 =6xy a:_‘m_= 9
2x + 2y=20 2

a+b=b+a
a(b+c) = ab+ac

’ 2’

)(x-a) / y =



The Current Impact of Graph Neural Networks

~——— Social Networks N Recommender Systems ~ — Drug Discovery —
e '© V. N
e *\9 Interstellar Sﬁ;ﬁ?&e include : : - =%
% %ime (I A 1
@l a . VR
riend 2 ____ac{ I 1
Inception ,// Leonardo o /5 : :
p_ T E g
s direct 1 1
. %%a sz I - !
Alice . @ ' Blood Diamond |
Titanic James o bm s s s s s e s
Cameron Recommended movies /// O -‘*\\\\\\\
. ) Ui
Y . \ )
_ Fake News Detection
= =l
= i Fon I
= = 3
2! @ f’/ ay 2 2
w \ Uty
. _— %\2 -rgn
P2 U.&\ a, U3 g
P3 m& as :’:l— )
. % —0 .
Qy ;’1‘5' %
d— @
\ ) Ug \ 7

Gilmer, J., et al. (2017). Neural message passing for quantum chemistry.
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GNNs Fail to Capture Long-Range Interactions

— To capture long-range dependencies, GNNs

/. need increased depth.
— The receptive field increases exponentially
@ fast!:2.

— All nodes have the same computational graph.
\‘ /< — All nodes get the same embedding.

/
[

\—> The nodes’ features converge to similar values.

———»Oversmoothing

— Not analyzed in directed graphs.

S Can we take inspiration from physics to

Layer 5 address it?

1Oono, K., Suzuki, T. (2019). Graph Neural Networks Exponentially Lose Expressive Power for Node Classification. Luow
3

2Cai, C., Wang, Y. (2020). A Note on QOuver- Smoothing for Graph Neural Networks.




Non-Local Diffusion

=2 x -1, (1)

GNNs propagate node features similarly to the heat equation

{x'@) = —Az(t),
z(0) = xo.

where the Laplacian is a differential (— local) operator

—Ax(t) = lim ¢, /|t< z(t) — 2(s) ds.

r—0 rnt2

Solution: replace the local operator (—A) with the global
operator (—A)® defined as

(—A)2(t) = cn.a / o) ~2(8) ) o e (0,1).

— The support increases as o decreases.




Fractional Graph Laplacian
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Fractional Graph Laplacian- 0.5
—0.5

»  vec (x)(t) =exp(— (W ®L*)t)vec (xg).

x'(t) = —L*x(t) W, x(0) = xq.

solution

Fractional Graph Heat Eq.-‘
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Dirichlet energy




N =

W

% A, xg are given.

% Preprocessing

Din = dlag(Al)

Do, = diag (A'1)

L = D, ?AD,./’

U, X, VA = svd(L)

% a, h, W learnable parameters
% Xo initial nodes' features

5 def training_step(xg):

10

Xo = input_MLP(xg)

% Forward Euler Scheme
forne{l,...,N} do

L X, = X,_1—1hUXZ*VHix, W

Xy = output_MLP(xy)
return Xy [u] [u]
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Disadvantages:
1. Computational cost grows cubically in V.

2. Storage cost grows quadratically in N.

Advantages:
1. Easy to implement.
2. Versatile across different types of graphs.

3. Reduced cost with truncated SVD.

560
(= 24.6%)

§ 109 L 0.8

g z
- —+
= 1 - 0.7
<= 107" a
= - 0.6 5
= 3
S10-2 1} - 0.5

\ \ \
10 10t 102 103
Num. of singular values




Thank you very much
for your attention!

MUNCHEN

.

=l .EI Maskey™, S., Paolino®, R., Bacho, A., Kutyniok, G. (2023). A Fractional
B i Graph Laplacian Approach to Oversmoothing.



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7

