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Kernels can outperform NN… … and be an interesting limit of NNs

Why study kernels?



At which rate does the excess error decay with the number of samples n for kernel ridge?

𝜶 : effective dimension of the dataset

𝒓 : complexity of the label distribution
For a dataset characterized by 

Quick appetizer
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Quick appetizer

Why the discrepancy?
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Quick appetizer

Number of samples 𝑛
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Actually these are two different regimes. We locate them on the 
(regularization, sample complexity plane)….
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Quick appetizer

Number of samples 𝑛

… and provide an unifying picture of the four regimes of KRR…
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Quick appetizer

Number of samples 𝑛

… and discuss when label noise affects the learning speed
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no effect

Noise has 
an effect

er
ro

r

# samples

er
ro

r

# samples

Noise has 
no effect

Noise has 
an effect

7



A refresher on Kernels

Take a kernel 𝐾 with Reproducing 
Kernel Hilbert Space ℋ

Kernel Ridge Regression (KRR)

# samples

data

label

regularization

min
𝑓∈ℋ

1

𝑛


𝜇=1

𝑛

(𝑓 𝑥𝜇) − 𝑦𝜇 2 + 𝜆 𝑓 ℋ
2
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A refresher on Kernels

Take a kernel 𝐾 with Reproducing 
Kernel Hilbert Space ℋ

Kernel Ridge Regression (KRR)

# samples

data

label

regularization

Using a feature map 𝜓 𝑥𝜇 ∈ ℝ𝑝
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A refresher on Kernels

Take a kernel 𝐾 with Reproducing 
Kernel Hilbert Space ℋ

Kernel Ridge Regression (KRR)

# samples

data

label

regularization

Using a feature map 𝜓 𝑥𝜇 ∈ ℝ𝑝

Chosen so that the covariance is 
diagonal
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Gaussian design

Gaussian features teacher + additive gaussian noise

Regularization 
Dicker et al. Bernoulli, 2016.
Hsu,Kakade, and Zhang.PMLR  2012.
Dobriban and Wager. The Annals of Statistics,2018.
Ledoit and Péché. Probability Theory and Related Fields, 2011 

Working assumptions
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Working assumptions
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Eigenvalues of 

Source conditionCapacity condition

Working assumptions
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Eigenvalues of 
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Source conditionCapacity condition

Working assumptions

Component index Component index
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Teacher KRR Estimator

Decay rates for the prediction error

At which rate does the excess error decay with the number of samples n?
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Typical case, fast decay

Worst case, mild decay

Teacher KRR Estimator

Decay rates for the prediction error

16



effectively unregularized

effectively regularized

SGW’2020
BCP’20.
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The four regimes
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effectively unregularized

effectively regularized

value of  ℓ giving 
fastest error decay

CV’05
CV’07

Number of samples 𝑛
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The four regimes

SGW’2020
BCP’20.
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Crossovers
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Thank you for your attention!

For questions, see you at the virtual poster session
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