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1 Télécom Paris 2 ENS Paris-Saclay 3 University of Oxford



Minimum Distance Estimation

�̂ n = argmin � 2 � D (�̂ n ; � � )

D : distance between distributions

�̂ n : empirical distribution of data
points Y1; : : : ; Yn i.i.d from � ?

� � : distribution parametrized by � 2 �

Example: Generative Modeling
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Minimum Expected Distance Estimation

Directly optimizing � � is often not possible (e.g. GANs)

�̂ n;m = argmin � 2 � E [D (�̂ n ; �̂ �;m ) j Y1:n]

�̂ �;m : empirical distribution of a sampleZ1; : : : ; Zm i.i.d. from � �
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Minimum Wasserstein Estimation

ChooseD = W p (Wasserstein distance of orderp � 1)

X Robust and increasingly popular estimators: Wasserstein GAN [1],
Wasserstein auto-encoders [2]

X Asymptotic guarantees [3]

[1] Arjovsky et al., 2017 [2] Tolstikhin et al., 2018 [3] Bernton et al., 2019

� W p: expensive + curse of dimensionality

� Central limit theorem in [3] valid in 1D
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Sliced-Wasserstein distance

In 1D, W p has an analytical form) Motivates a practical alternative:

SW p
p(� ; � ) =

Z

Sd� 1
W p

p(u?
] � ; u?

] � )d� (u)
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Minimum Sliced-Wasserstein Estimation

�̂ n = argmin � 2 � SW p(�̂ n; � � )

�̂ n;m = argmin � 2 � E [SW p(�̂ n; �̂ �;m ) j Y1:n]

Successful in generative modeling applications(e.g., SW-GAN, Deshpande et al., 2018)

Our contributions:

� Convergence inSW p ) weak convergence of probability measures

� Existence and consistency of̂� n , �̂ n;m

� Central limit theorem for �̂ n :
p

n convergence rate for any dimension
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Minimum Distance Estimation
� ObservationsY1:n = ( Y1; : : : ; Yn ), Yi 2 Y � Rd, i.i.d. from � ? 2 P (Y),

with P(Y) : set of probability measures onY.

� A family of distributions on Y parameterized by � 2 � � Rd� :
M = f � � 2 P (Y); � 2 � g.

� Purely generative models: We can generatem 2 N� i.i.d. samples from
� � , but the likelihood is intractable. �̂ �;m is the empirical distribution.

Given Y1:n , its empirical distribution �̂ n and a distanceD on P(Y), we
perform Minimum Distance Estimation (MDE) :

�̂ n = argmin � 2 � D (�̂ n ; � � ) (1)

or Minimum Expected Distance Estimation (MEDE) :

�̂ n;m = argmin � 2 � E [D (�̂ n ; �̂ �;m )jY1:n ] (2)

Optimal Transport (OT) Metrics

For p � 1, Pp(Y) : set of probability measures onY with �nite p'th
moment. Let �; � 2 P p(Y).

Wasserstein distance ( W p) . Computationally expensive, except in
1d (Y � R) ! analytical form.

Sliced-Wasserstein (SW) distance .

Sd� 1 : d-dimensional unit sphere,
� : uniform distribution on Sd� 1.

Practical metric based on projections:
8u 2 Sd� 1; y 2 Y; u?(y) = hu; yi

µ
<latexit sha1_base64="W3pHqXYp6CjDxdA6hde5th4ErNw="></latexit> ν<latexit sha1_base64="I55JGJMd+YRyKz4kugtlvzqJIf4="></latexit>

!"#$%&#'#()%'&*+,"&-,.,/+0 %)&#.1&2345

u!
" µ

<latexit sha1_base64="411US1TdysSpvtBpgNpEiZlE6/g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUQZcFNy4r2Ac0MUymk3bozCTMQ6ih+CtuXCji1v9w5984bbPQ1gMXDufcy733xBmjSnvet1NaWV1b3yhvVra2d3b33P2DtkqNxKSFU5bKbowUYVSQlqaakW4mCeIxI514dD31Ow9EKpqKOz3OSMjRQNCEYqStFLlH5j5QGskoD9QQyWwCA24it+rVvBngMvELUgUFmpH7FfRTbDgRGjOkVM/3Mh3mSGqKGZlUAqNIhvAIDUjPUoE4UWE+u34CT63Sh0kqbQkNZ+rviRxxpcY8tp0c6aFa9Kbif17P6OQqzKnIjCYCzxclhkGdwmkUsE8lwZqNLUFYUnsrxDYDhLUNrGJD8BdfXibtes0/r9VvL6qNehFHGRyDE3AGfHAJGuAGNEELYPAInsEreHOenBfn3fmYt5acYuYQ/IHz+QP2wZV/</latexit>

u!
" ν

<latexit sha1_base64="Coy4JO9+ufqnEe5pyepYDre/qWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpgi4LblxWsA9oYphMJ+3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5hyprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q2xopwJ2tJMc9pNJcVxyGknHF1P/c4DlYol4k6PU+rHeCBYxAjWRgrso+zeUxrLIPfUEMt0gjyRBXbVqTkzoGXiFqQKBZqB/eX1E5LFVGjCsVI910m1n2OpGeF0UvEyRVNMRnhAe4YKHFPl57PrJ+jUKH0UJdKU0Gim/p7IcazUOA5NZ4z1UC16U/E/r5fp6MrPmUgzTQWZL4oyjnSCplGgPpOUaD42BBPJzK2ImAww0SawignBXXx5mbTrNfe8Vr+9qDbqRRxlOIYTOAMXLqEBN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx/4RpWA</latexit>

u<latexit sha1_base64="TuO0yQiq4jI8yWmSy5UXuIIt1Nw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB3iuM7Q==</latexit> u<latexit sha1_base64="TuO0yQiq4jI8yWmSy5UXuIIt1Nw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB3iuM7Q==</latexit>

SW p
p(�; � ) =

R
Sd � 1 W p

p(u?
] �; u ?

] � )d� (u)

Combining MDE and OT
Minimum Wasserstein estimators, de�ned in (1) and (2) with D = W p,
have asymptotic guarantees [1] but are not practical.

) With D = SW p in (1) and (2), we get the minimum (expected)
SW estimators

�
M(E)SWE

�
of order p.

Recent studies show the empirical success of SW-based estimators on
generative modeling, but lack of theoretical guarantees.

) We investigate the asymptotic properties of these estimators.

Theoretical Results

The convergence inSW p implies the weak convergence inP(Rd).

Key assumptions.
� Continuity: For any (� n )n 2 N in � such that lim n ! + 1 � � (� n ; � ) = 0 ,

A1. (� � n )n 2 N converges weakly (w�! ) to � � .
A2. lim n ! + 1 E[SW p(� � n ; �̂ � n ;n )jY1:n ] = 0 .

� Data-generating process:
A3. lim n ! + 1 SW p(�̂ n ; � ?) = 0 , P-almost surely.

� Bounded sets: For some� > 0,
A4. � ?

� = f � 2 � : SW p(� ?; � � ) � � ? + � g, with � ? =
inf � 2 � SW p(� ?; � � ), is bounded.

A5. � �;n = f � 2 � : SW p(�̂ n ; � � ) � � n + � g, with � n =
inf � 2 � SW p(�̂ n ; � � ), is bounded almost surely.

Existence and consistency of MSWE

Assume A1, A3, A4. Then, there existsE with P(E) = 1 such that,
for all ! 2 E,

lim
n ! + 1

inf
� 2 �

SW p(�̂ n (! ); � � ) = inf
� 2 �

SW p(� ?; � � );

lim sup
n ! + 1

argmin� 2 � SW p(�̂ n (! ); � � ) � argmin� 2 � SW p(� ?; � � )

Besides, for all! 2 E, there existsn(! ) such that, for all n � n(! ),
argmin� 2 � SW p(�̂ n (! ); � � ) is non-empty.

Guarantees for MESWE. Existence and consistency (with
A1 to A4), convergence to MSWE as m ! 1 (A1, A2, A5).

Central limit theorem for MSWE with p = 1

Consider A1, A3, A4, � ? = � � ? (with � ? 2 � well-separated) and
H : � 7!

R
Sd � 1

R
R jG?(u; t ) � h �; D ?(u; t )ij dtd� (u), with

�
p

n(F̂n � F� ? ) w�! G?, where F̂n and F� ? contain the CDFs of
the projected �̂ n and � � ?

� D?(u; �) : the �derivative� of F� (u; �) in � ?

Then,
p

n inf
� 2 �

SW 1(�̂ n ; � � ) w�! inf
� 2 �

H (� );
p

n(�̂ n � � ?) w�! argmin� 2 � H (� ); as n ! + 1

) Convergence rate of
p

n independent of the dimension

Numerical Experiments

� Multivariate Gaussians.

M =
�

N (m; � 2I ) : m 2 R10; � 2 > 0
	

,
and (m ?; � 2

?) = ( 0; 1).
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� Multivariate elliptically contoured stable distributions.
M =

�
E� Sc(I ; m) : m 2 Rd

	
with � = 1 :8, and m ? = 2 .
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� High-dimensional real data.

We train the Sliced-Wasserstein Generator
[2] (based on MESWE), on MNIST.

We plot the mean-squared error between
the training/test loss obtained for (n; m)�
from (1; 1) to (10 000; 60)

�
and for

(n� ; m� ) = (60 000; 200). 1 100 1000 10000
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